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Abstract

This paper analyzes a multi-auction setting in which informed strategic agents are endowed
with heterogeneous noisy signals about the liquidation value of a risky asset. One result is that
when the variance of the noise is small the competition between traders takes the form of a rat
race during all the periods of trading. As we increase the level of the noise in the traders’ signals,
a waiting game phase appears and the intensity of the rat race, observed only at the last auctions,
decreases. In sharp contrast with the previous literature, when the variance of the noise is very
large, we only observe a waiting game.
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1 Introduction

Analyzing the strategic trading behavior of informed traders in a dynamic setting is the
focus of a large body of literature in Finance. Different frameworks are used in order to
perform that task. The seminal paper by Kyle (1985) examines the trading behavior of a
single perfectly informed trader. The paper shows that the monopolistic trader will limit
the size of his early trades in order not to reveal too much information too early. This leads
to information being gradually incorporated into prices. That result depends on some cru-
cial assumptions such as the presence of a single informed trader but also on the structure of
the private information i.e. whether it is perfect or not. Holden and Subrahmanyam (1992)
show, to the contrary of Kyle (1985), that the competition resulting from the presence of
more than one informed trader with identical information results in almost all the private
information to be revealed in the early auctions.! Foster and Viswanathan (1996) analyze
the case of imperfect competition when the traders’ information is correlated. Aggregate
private information gives then the liquidation value of the risky asset. Back, Cao and
Willard (2000) study the competition between strategic traders in continuous time. Both
papers show that the result of the competition between informed traders is very complex
and depends critically on the initial correlation between the informed traders’ signals.

In our paper, we revisit the competition between heterogeneously informed strategic
traders. However, as in Admati and Pfleiderer (1988), we assume that each trader is
endowed with a noisy normally distributed signal about the liquidation value of the risky
asset ¥. This allows us to know the structure of information of all trades.

Given that framework, we derive the unique linear equilibrium in a multi-auction mar-
ket where traders receive heterogenous signals. It allows us to study the convergence
of prices to the liquidation value of the risky asset, knowing the exact structure of the
heterogeneity in the beliefs of the insiders.

Our article aims at answering the following questions:

"Michener and Tighe (1991), Foster and Viswanathan (1993) find the same result.



e What dynamic strategies should informed market participants use to maximize their
profits? How does the reaction of the informed agents evolve over time according to

their private signals and prices?
e How quickly does the price adjust to reflect the presence of informed traders?

e How are the insiders’ profits affected by noisy private signals? Can informed traders
reduce competition when they have noisy private signals i.e. can noisy information

be profitable for informed traders?

e [s there an optimal level of noise that maximize traders’ profits?

Considering the effect of the variance of the noise on the traders’ behavior is not equiva-
lent to considering the effect of the correlation between signals. A change in the correlation
between signals only measures the degree to which signals are identical or not. A change in
the variance of the noise in the traders’ signals does not only affect the correlation between
the traders’ signals, but also the correlation of the traders’ signals with the liquidation
value of the asset. Then, changing the level of the noise simultaneously affects the cor-
relation between the traders’ signals and the correlation with the liquidation value of the
asset. Indeed, a large variance of the noise leads to a lower correlation between signals.
This implies a reduction of the level of competition by giving each trader a monopolis-
tic position on his private information and thus prevents competition from destroying his
profits. However, it also implies that informed agents are trading on noise which in turn
reduces their expected profits. This effect is not captured by looking at the effect of the
correlation between signals.

Furthermore, our framework enables us to study the trade-off between noise and compe-
tition in a dynamic setting highlighted in Dridi and Germain (2009).2 When the number of
traders is greater than four and for some values of the noise, they obtain that the traders

get more profits with noisy information than with perfect information leading to noise

2The model of Dridi and Germain (2009) is a particular case of our model corresponding to a static

setting.



acting as a commitment not to trade. In our paper, we also study that trade-off in a
dynamic setting and, as such competition encompasses two dimensions: one temporal i.e.
the number of auctions and one spatial i.e. the number of informed traders.

Our main results are the following:

e The existence of a linear equilibrium is not always guaranteed. We find that the
trading process continues as long as informed traders retain some private information
not incorporated in the market maker’s information set. We also find that the values
of the noise (measured by the variance of noise in the traders signal) that guarantee

the existence of an equilibrium are limited by the level of competition between traders.

e When the competition is strong (the number of informed traders and/or the number
of auctions is high), increasing the noise in the traders’ private information leads
to higher profits than when that noise is small. In that case, traders can make
more profits with noisy information than with perfect information. However, adding
too much noise in the traders’ signals always decreases their profits. When the
level of competition is not as strong, noise always reduces the profit of the informed
traders. These results generalize the findings of Dridi and Germain (2009) previously

highlighted.

e The optimal noise (i.e. maximizing the informed traders’ expected profits) increases
with the number of traders and with the number of auctions. Moreover, as in Dridi
and Germain (2009) the optimal aggregate profit has a strictly positive finite limit

when the number of traders is large.

e The optimal individual profit has a strictly positive finite limit when the number of

auctions is large.

The highlighted trade-off between noise and competition bears some similarities with
the results put forward by Foster and Viswanathan (1996) and Back et al. (2000) regarding

the level of correlation of the signals and the expected profits of the traders. Indeed, Foster



and Viswanathan (1996) show that the expected profits of the traders are higher when there
is some positive correlation compared to the case where the signals are uncorrelated. In our
model, we concentrate on the level of noise and noise diminishes the correlation between
private signals. We also show that noise can, in some cases, increase expected profits.

Ostrovsky (2012) highlights that in dynamics models the most important issue is the
aggregation of information. In Foster and Viswanathan (1996) and Back, Cao and Willard
(2000) the dispersed information forms a sufficient statistic and prices converge to the
liquidation value. In our model, prices do not, in general, converge to the liquidation
value of the risky asset. However, we show that, when the number of informed traders
increases indefinitely, prices tend to converge to the liquidation value. Moreover, the rate
of the increase for the price informativeness is lower in our model than in Holden and
Subrahmanyam (1992), as noise slows down the revelation of information.

Both Foster and Viswanathan (1996) and Back et al. (2000) find that market compe-
tition depends on the initial correlation between the informed traders’ signals. When the
correlation is not too strong, the competition has two phases. Firstly, insiders trade very
aggressively and release much of their private information in the earlier trading periods.
This phase is known as the “rat race”. Secondly, since the correlation between the residual
private information of the informed traders evolves over time, after a number of auctions
the insiders’ residual information is negatively correlated between each other. This reflects
a difference of opinion between the informed agents about the final value of the risky asset.
The informed participants then become more reluctant to trade, since each insider could
be on the wrong side of the market. Hence, the trading activity is less intense. This phase
is known as the “waiting game”. During that phase, insiders conceal their private informa-
tion. This phenomenon leads to an adverse selection problem in the market at the end of
the trading day. Hence, the competition between the insiders does not automatically lead
to more efficient prices as one approaches the time of liquidation. We also show that it is
possible to have the reverse sequence of the two stages (first a rat race and then a waiting

game).



Looking at the trader’s behavior, we obtain the following results. When the trader’s
private information is quite precise (strong correlation between the trader’s signal), the
dynamic competition between traders takes the form of a rat race (where traders trade
very aggressively on their private information) during all the periods of trading. This result
generalizes the findings of Holden and Subrahmanyam (1992), for the range of low levels
of noise.?> However, when the private information is very noisy we only obtain a waiting
game. This result is in sharp contrast to Foster and Viswanathan (1996). Indeed, they
find that the waiting game is followed by a rat race. In this case, the insiders limit their
orders since their private information is noisy. The waiting game observed in our model
is not due to a negative correlation between the signals as a consequence of trading. We
show that, in our model, the waiting game phase appears when the correlation between
the signals of the traders is low - but positive.

Some papers have empirically investigated the competition between informed traders
taking place in financial markets. Ellison and Mullin (2007) find that the information is
gradually incorporated into price confirming the result found in Kyle (1985). Cho (2007)
analyses the behavior of stock prices ahead of earnings announcements. The paper finds
evidence of informed trading. However, the evidence is more consistent with Foster and
Viswanathan (1996) than with Kyle (1985). Our model predicts that changes in volume
during the trading day can be explained by the presence of noise in the information of the
traders when they compete in the market.

The remainder of the paper is organized as follows. Section 2, presents the general
setup. We show in section 3 the existence and the uniqueness of a linear equilibrium
and characterize the different parameters at each auction. In section 4, we study the
informativeness, the market depth and the expected profits according to the level of noise
in the signals of the informed traders, the number of auctions and the number of traders.

Finally, in section 5, we make some concluding remarks. All proofs are gathered in the

$We show that the models of Kyle (1985) (discrete setting) and Holden and Subrahmanyam (1992) are

encompassed in our model leading to the same results for some particular parameters values.



Appendix.

2 The Model

We follow, in this paper, the notation of Kyle (1985) and Holden and Subrahmanyam
(1992). We assume that a risky security is traded during N sequential auctions in a time
interval which begins at t = 0 and ends at ¢ = 1. Let At be the time interval between the
nth auction and the previous auction (At = %) At t = 1, the liquidation value of the
asset is revealed. This liquidation value is denoted by @, with © ~ N (9, 02). For simplicity

and without loss of generality, we assume v = 0. In each auction, the following market

participants are present:

e M risk-neutral informed traders. At t = 0 each insider i = 1,..., M receives a sig-
nal S; =  + ¢ about the liquidation value of the risky asset, where & ~ N (0,02),
for : = 1,..., M. Moreover, we assume that the error terms, €;, are mutually in-
dependent. Informed participants receive heterogeneous signals as in Admati and

Pfleiderer (1988).

e Several liquidity traders who submit orders at each auction. They do not possess
any information about the fundamental value of the risky asset. We denote by A,
their aggregate orders and we assume that (Au,) are independently and identically
normally distributed with zero mean and variance o2At. Also, we assume that Adi,

and ¢ are independent.

e Competitive risk-neutral market makers who observe the aggregate orders, but who
do not know whether these orders stem from liquidity traders or insiders, and set the

price p,, at each auction n in a Bayesian way.

At the nth auction we denote AX,, as the aggregate order of all informed traders, and
m;n the total expected profit of informed trader 7, for ¢ = 1,..., M, from auction n to

auction N.



Each risk neutral informed trader determines his optimal trading strategy by a process
of backward induction in order to maximize his expected profits given his conjectures about
the trading strategies of the other informed traders. We look for a linear equilibrium where
each informed trader chooses an order which is linear in his private information and the
previous public price.

Competition in market making drives the market makers’ expected profits to zero,
conditional on the aggregate submitted orders w, = AX, + Ad,. Thus, at the nth
auction, p, equals the expected value of © conditional on the information available. The
market makers’ prices are linear in the observed prevailing aggregate order flow and the

previous public price.

3 Equilibrium

Let &;, be the order of agent i at auction n. Given the linear assumption of the equilibrium,
the order is such that Z;, = (ai,ngi + Bnpn—1)At. After n — 1 periods of trading, trader ¢
maximizes his remaining expected profit from the nth auction to the last one.

At the nth auction, the market maker receives the aggregate order flow w,, = Zf\il Tin+
At,. Based on this aggregate order flow, the market maker updates, in a Bayesian way,

her estimate of the fundamental value of the risky asset:

Pn = E[@‘ﬁ)l, ce ,’LZ)nfl,UN}n] =Pn-1+ >\nu~1na

where A, is the liquidity parameter at the nth auction. It is the regression coefficient of
v on w, conditional on wi,...,w,—1, the past trades. Hence, the price set by the risk
neutral market makers, at each auction n, p,, is equal to the conditional expectation of ¥
given the information generated by the aggregate order process up to time t = .

Given the order form and the price function, the trader’s conditional expected profit

can be written as:

E[Tinlpos - - - »Pn—1,5i] = k1.n—157 + kan—1Pn—15i + k3n-19%_1 + dn1,



where all parameters are given in the Appendix as part of the proof of the next proposition.*

This value function is similar to that of Foster and Viswanathan (1996) and Holden
and Subrahmanyam (1992).°

We now introduce the equilibrium concept used in our model. To start, we define the
conditions to be satisfied for a Bayesian Nash equilibrium. Then we restrict our search to
linear Markov equilibrium and conjecture the equilibrium strategies for the market maker
and informed traders.

Just before period n, the information of insider i consists of his own signal S;, plus his

own orders (Z;1, ..., Zin—1). In addition, all insiders know the past net trades (w1, ..., W,—1).
Let

Tin = Xin(Si,Zity .o, Ein-1, W1, ..., Wn_1),

pn = Py(wr,...,0,)

represent the optimal strategy of trader ¢ and the optimal strategy of the market maker,
respectively. Finally, let X; = (Xj1,...,X;n) (for each i) and P = (P,..., Py) represent
the two vectors of strategy functions. Define the profit that accrues to informed trader i

from period n on as:

N
W;(Xl,...,Xi,...,XM,P) = Z(@_pk)i'zk

k=n

A Bayesian Nash equilibrium of the trading game is a M + 1 vector of strategies

(X1,...,Xum, P) such that (we follow Kyle (1985) and Foster and Viswanathan (1996)

4We assume here that all insiders play their equilibrium strategies, this expression should be modified

if we assume that trader ¢ plays an arbitrary strategy, see appendix for more details.

In Holden and Subrahmanyam (1992), all insiders have the same signal, ¥, implying that the value

function of the informed trader i is:

Elminlpo, - Din—1, Sz} = an—1(0 — pn—1)2 + On—1
We thus obtain this last value function by setting ki,n-1 = k3n—1 = an—1 and kg n—1 = —2ap—1 in
our model. Our proof is similar to the one of Foster and Viswanathan (1996) except that we specify the

equilibrium conditions for heterogeneously noisy signals.
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closely):

e Foranyi=1,...,.M,n=1,...,N and for X = (X/;,..., X!

no

, X!y), we have:

Bt (X1, .., Xiyo oo, Xor, P)Si, &1, - s Fin—1, W1, - -+, Wn—1]

Z E[W;(Xl, cee 7X1{7' . .,XM,P)‘SZ',:Z'Z'I, .. .,@n_l,wl, cee ,wn_l].

The optimal strategy function for informed trader ¢ is best no matter which past

strategies ¢ may have been played.
e Foralln=1,..., N, we have:
pn = B[00y, ..., W0y].

Also, we define the variance of the price error Y,,, a measure of price informativeness,
at auction n:

Y, = var[o|wy,. .., W] (3.1)

The market maker sets prices equal to the conditional expected value given the order

flow.

We look for a linear Bayesian Nash equilibrium based on a dynamic programming
argument. Note that the strategy of informed trader i at auction n is required to be
the optimal strategy, not only when trader 7 plays his optimal strategy in the first n — 1
periods. Furthermore, as in Foster and Viswanathan (1996), there are no off equilibrium
observations of order flow by the other informed traders in the model as every order flow
path is possible.

We now derive the following proposition which provides the different parameters of the

equilibrium.
ol

Proposition 1 If ¥y > 35 6 there exists a unique linear equilibrium with noisy private

information in which the demand function of informed trader i at auction n and the price

SExpressing equilibrium condition as a function of Xy is equivalent to express the same condition as

a function of ¥y. Indeed, we solve our equilibrium by a process of backward induction i.e. we set the

11



function at auction n are respectively equal to:”
i‘i,n = anAtgi + BnAtﬁnfl- (32)

Pn = D1+ M(AXy + Auy), (3.3)

where the parameters are defined by the following equations

2(ksn — 5kan)An — an M—1 1 —2X\,(ksn — 5kan
B o = o)
(M + 1)\ — 2M (k3p — 5kan)X2 M (M + 1)\, — 2M (k3p — 5kan) A2
(3.4)
Mo, AtY,,
A = a L . (3.5)
(anAt)2M?Y, 1 + o2 At + M (o, At)?0?
Sn-1 (024t + M (anAt)*c?)
Sn = Olwn, ..., W] = . 3.6
varlln, - n] = e I T T 0T AL+ M {an A2 (36)
with a, = m, U = M\, At and
Ot = Op 4+ Nkan[02 At + (an A2 (M — 1)(1 4 (M — 1)a,)o?]. (3.7)
Trader i’s value function is given by
E [Wm D0y s Pn—1, gz} =kin (5'2 —ﬁn—1) + . (3.8)

The coefficients k’s are solving the following system of equations (fully defined in the Ap-
pendiz)

kn_1 = Ak, + C, (3.9)

where ky_1, k, are matrices of dimension 6 X 1, A is a matrix with dimension 6 X 6 and
C is of dimension 6 x 1. All matrices are defined in the Appendiz. The parameters are

subject to the following boundary conditions

OIN =kiN =kan =k3n =0, (3.10)

an
)\N(Q—l-(M— 1)(1]\[)‘

value of Xy, then we compute ¥ n_1 ...3o. Hence, we can write ¥y as a bijective function of = X -we

anAt =

(3.11)

observe numerically that 3 is a strictly increasing function of ¥ - and the equilibrium condition could be

interpreted as a condition on Y.

"If 02 = 0,we are in the Holden and Subrahmanyam (1992) model, the results in this case are presented

in the appendix.
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Proof: See Appendix.

The necessary condition is a learning process condition. It means that the trading
process continues as long as informed traders still have some private information that is
not yet incorporated in the market maker’s information set. It also shows that the precision
of the market maker’s information is limited by the level of noise contained in the traders’
signals. In fact, we know that the market makers’ estimate of the liquidation value can be
written as:

1 & 1 &
@:M;SFWFM;Q. (3.12)

Suppose that the traders’ signals (5;)1<i<am are in the information set of the market
maker. In this case, the market maker is able to know the liquidation value ¥ with a
precision measured by the inverse of the variance of the random variable ﬁ Zf\i 1 €. That
precision is then equal to J—NZI and represents the best precision of her estimate of the

2
liquidation value v. The last error variance of price, ¥, is then greater than UME As a

2

2 cannot be too

consequence, the level of noise, as measured by the variance of the noise o
high.

Moreover, we find, numerically, that if we increase the frequency of trading N, we need
to set lower values of ¥ to maintain the same Yy.8 That allows us to deduce that the
frequency of trading is limited by the level of noise. The higher the frequency of trading,
the lower the level of noise. Regarding the effect of the number of insiders M, it is not
as clear. Increasing the number of insiders M decreases the lower bound of the necessary
condition. However, it also intensifies the competition between traders and so lead to lower
values of Y. Hence, we cannot deduct analytically the effect of increasing the number of
informed traders.

By proceeding by backward induction one determines the individual orders for each

auction. There is then a link between the last error variance of price X and the initial one

Yo at the opening of the sequential auctions market. Choosing Y is therefore equivalent

8This is due to the fact that increasing the frequency of trading intensifies the competition between

traders leading to more information being released and so to lower values of Xy .
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to setting X at a certain value. To illustrate the properties of our model, we compute
the linear equilibrium parameters for different settings.

All the results in the following sections are obtained numerically.

4 Numerical Results

We now illustrate our model with numerical simulations. In order to compare the different
results we choose similar numerical settings to those of Holden and Subrahmanyam (1992),
Foster and Viswanathan (1996) and Back et al. (2000). The results are simulated for a

fixed initial value of Y.

4.1 Informativeness and liquidity

We are interested in how prices aggregate the different pieces of private information held

by informed traders. In the next result, we study the informativeness of prices.

Numerical result 1 When the level of noise in the traders’ signals is low, prices incor-
porate quickly all the traders’ private information. When the signals become noisier the
decay of X, becomes slower and less information is acquired by the market maker during

trading.

In our model, the conditional correlation between the signals of the informed market
participants cannot be negative. As a consequence, traders trade on the same side of the
market. Nevertheless, that competition is softened as traders have noisy signals. We can
compare our model to that of Foster and Viswanathan (1996) by looking at the correlation
between the signals. The correlation between the informed agents’ private signals, ¢ and j
at time n, is given by:

& G X .
COT"”'(Si, S])n = m fOT‘ 2 # J- (41)

It can be seen from this expression that the value of 02 impacts the correlation between

two signals. This correlation affects the traders’ behavior, which in turn impacts price

14



informativeness. However, the variance of the noise also affects the traders’ behavior
independently from its effect on the correlation. Noisier (more precise) signals also implies
that informed agents, ceteris paribus, trade more (less) on noise reducing (increasing) price
informativeness.

In Figures 1 and 2, we represent the error variance of prices over time for different

values of the correlation between the signals of the informed traders (given by o2).

Error variance of price over time for different values ofo: Error variance of price over time for different values of oi

1 ‘ ‘
—e—02=0 - 0% = 0.0004
0.9 L , - - e
—%—02=005 - - =5
08 —5—0.2=01 |4 —
62=05 Tl
07 e ~
- —— U; =1 S
5 06t 025 |1
N o5t 1
04t g
03t g
02f f
01t h
)
0 ‘ ‘ ‘ ‘ . . .
0 02 0.4 06 038 1 04 0.6 08

Calendar time Calendar time

Figure 1: The error variance of prices (X) Figure 2: The error variance of prices (£,,)

over time, M =2, N =4, 02 =1, 3y = 1. over time, M =2, N =50, 02 =1, ¥y = 1.

Figure 1 shows that the error variance of price Y, decreases more slowly when the
variance of the noise, 02, is large. In other words, the noisier the signal the less information
is revealed during the periods of trading. Figure 1 also shows that, when the trader’s
private information is not too noisy, investors reveal more of their private information in
the early auctions whereas the opposite is true when private information is very noisy.
These effects can be explained as follows: when the level of noise is low, traders compete
more aggressively on their private information and so release the largest part of their
information in the early periods of trading, but when the level of noise is high, each trader
prefers to delay his trades and keeps most of his private information to the last auctions.
These effects are shown numerically in Figure 2.

In the next result, we study the liquidity in the market.

15



Numerical result 2 The liquidity parameter )\, is non monotonic with o2. It decreases

over time when the level of noise is low. When the level of noise is large, it increases over

time.
Liquidity parameter over time for different values of 03 Liquidity parameter over time for different values ofof
1.1 T 4 T
—%—02=0 o? =0.0004
1k —=—02=05|1 - - -d=5
o2=1
€
09r 0'£2 =5
0.8
A 07l T
—
0.6
~—
~_
0.5F R
] S -
0.4) — h e e ===~
. . . . . . . 0 . n
0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 0 0.2 04 0.6 0.8
Calendar time Calendar time
Figure 3: The liquidity parameter (\,) over Figure 4: The liquidity parameter (A, ) over
time, M =2, N=4,02 =1, 5= 1. time, M =2, N =50, 02 =1, 3y = 1.

Figure 3 displays the dynamic of the liquidity parameter as a function of the noise. It
shows that as more information is incorporated into prices, the less aggressively the market
maker prices the asset. It also shows that, when there is a large level of noise in the private
signals, the market maker’s sensitivity to order flow, A,, increases slowly through time.
This is due to the fact that, in that case, informed traders delay their trades to the last
auctions and do not reveal a large part of their private information. Hence, the market
maker cannot learn much about the liquidation value of the asset in the early periods of
trading and she reacts more aggressively to the order flow that appears in the last periods
of trading. These results are shown numerically in Figure 4.

We now focus on the link between the informativeness of prices and the number of
auctions. Figure 5 shows the informativeness of prices for different values of the number of
auctions. In order to guarantee the existence of an equilibrium for the different parameter

configurations, we take o2 = 0.02.
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Hence, one can observe that for a fixed level of noise, o2, the informativeness of prices

increases with the number of auctions.

Error variance of price over time for different values of N Liquidity parameter for different values of N
I T T T T 14 T T T T T T T T
—=—N=3 —8—N=
0.9+ — N=4]|{ . N=
——N=5 1.2 N=
0.8} —x—N=6 | e N=
—6—N=7 —o—N=
0.7 1 ir
0.6
0.8f
A
S 05 n
n 0.6
0.4} ’
03f ] 04l
0.2
0.2f
0.1r — ;i
e
o ‘ ‘ ‘ ‘ — N
0 0.2 0.4 0.6 0.8 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Calendar time Calendar time
Figure 5: The error variance of prices (X) Figure 6: The liquidity parameter (A\,) for
for different values of N, M = 2, 02 = 0.02, different values of N, M = 2, 02 = 0.02, 02 =
2 _ _ _
O'u—l,zo—l. 1,20—1.

Similarly, Figure 6 shows that the adverse selection problem (measured by the param-
eter \,) decreases with the number of auctions as one approaches the end of the trading
day. It also shows that the larger the number of auctions, the higher the price is at the
first auction.

Figures 7 and 8 show the links between the informativeness of prices and the number
of traders, and between the liquidity and the number of traders. One can see that for a
fixed level of noise, the informativeness of prices increases with the number of traders.

Also, we observe from Figure 8 that the liquidity parameter )\, decreases with the
number of traders. Then, we conclude that increasing the number of traders or auctions
boosts the competition between traders and so leads to the release of more information to
the market maker.

We now study the reaction of the traders to their private and public information, and

present the different regimes of competition between traders.
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Error variance of price over time for different values of M Liquidity parameter for different values of M
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Figure 7: The error variance of prices (L) Figure 8: The liquidity parameter (A,) for
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4.2 Competition: The rat race and the waiting game

We are interested in how noise affects the competition between informed traders. In the
next result, we study the reaction of informed traders to their public and private informa-

tion.

Numerical result 3 The informed market participants react more to both their private
and public information as time elapses. When the level of noise is low, the informed traders
react aggressively to their private and public information and increase significantly their
orders in the last periods of trading. The reaction of informed traders becomes less agressive
when the level of noise increases. Hence, when the level of noise is large, informed traders

react less aggressively to their information during all the periods of trading.

These results are shown in Figures 9 and 10.

Figures 9 and 10 show that the informed traders trade gradually more aggressively on
both their private and public information. It can be seen that the more precise the signal
the more aggressive the traders are. This aggressive trading is what we call a rat race.

When the level of noise is low, we observe a rat race during all the periods of trading.
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Reaction to private information over time for different values ofcr: Reaction to public information over time for different values ofcy:

4.5 ), 0
—%—02=0
o 0,2=005 05
35} 052:0'1 1t
+0£2=0.5
3t 27 -15
—— O =1 B
a
n 25 n -2
Hl -25
15} -3f
1L — -35
o5l - _4
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 45 ‘ ‘ ‘ ‘ ‘ ‘ ‘
02 03 04 05 06 07 08 09 1 %2 03 04 05 06 07 08 09
Calendar time Calendar time
Figure 9: The reaction of an informed in- Figure 10: The reaction of an informed in-
vestor to his private signal («,) over time, vestor to the prices (B,) over time, M = 2,
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As the level of noise increases, the intensity of this rat race decreases. In the presence of
high noise, traders are not aggressive in their trading during the early periods of trading,
we call that a waiting game. However, we still have a rat race in the last periods of
trading. Regarding the traders’ behavior with respect to their private information, this
can be explained as follows. Firstly, as time gets closer to the end of the trading day
informed traders have less scope to use their private information. Secondly, the impact
of their trades has less long lasting effect on the liquidity. The intensity of the traders’
trading decreases with o2 (this also includes the traders’ behavior at the late auctions). As
said before, in the early auctions we observe that traders are not comparatively aggressive
in their trading. As the noise in their information is not too high, traders refrain from
trading too early as trading aggressively would lead to their private information being
incorporated in the price early. However, when the level of noise is very high, we only
observe a waiting game. In this case, the high level of noise present in the traders’ signals
reduces the competition between informed traders since expression (4.1) is close to zero
in that case. Indeed, when ag is high, traders have initially more dispersed information

reducing the correlation between the traders signals. This in turn limits the competition
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between traders during all the periods of trading as this conditional correlation remains
low.

The waiting game observed in our model is not due to a negative correlation between
the signals as a consequence of trading. We show that, in our model, the waiting game
phase appears when the correlation between the signals of the traders is low - but positive.
In our model, increasing the level of noise in the traders signals decreases the correlation

between these signals. Then, we have for a high level of noise:
Corr(Si, S;)n ~ 0. (4.2)

Hence, in this case, each trader considers that the information from other traders is
completely uncorrelated to the true value of the asset. Therefore, he limits his orders
during the early periods of trading in order to not reveal his private information and waits
for the last periods to submit more significant orders.”

Figures 11 and 12 show that, for low levels of noise, we only observe a rat race during
all the periods of trading: we can see from these figures that the traders’ reaction to their
information increases rapidly during all the periods of trading. We also observe that the
slope of the parameter «,, (which measures the intensity of competition) increases during
all the periods of trading and more significantly in the lasts periods. This result generalizes
the findings of Kyle (1985) and Holden and Subrahmanyam (1992) in the case of signals
with low levels of noise.

Figures 11 and 12 also show that, for intermediate levels of noise, we observe a waiting
game that lasts most of the auctions as the trading intensity dramatically increases in the
last auctions. The Figures also show that the intensity of that rat race decreases with the
level of noise. Hence, for very high levels of noise, we only observe a waiting game that

lasts for all the periods of trading.! The main difference with Foster and Viswanathan

°In this case, we can compare our model to the one of Kyle (1985), since each informed trader considers

other traders as noise traders, and so follows a strategy comparable to that observed in Kyle (1985).

°Tn fact, we always observe a rat race at the last auctions. However, the intensity of this rat race

decreases with the level of noise and becomes difficult to observe when the level of noise is too high.
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(1996) is the order in which the two game stages can appear.

Reaction to private information over time for different values ofcr:
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Figure 11: Reaction of an informed investor Figure 12: Reaction of an informed investor
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Reaction to private information over time for different values of c:

to his private signal (o) over time, M = 2, to his private signal (o, ) over time, M = 2,

N=20,02=1,%=1. N=100,02=1, 5= 1.

When we analyze the effect of increasing the number of auctions on the previous result,
we obtain the following results. As an overall, increasing the number of auctions increases
the traders’ aggressiveness in each auction. For a very low level of noise and when increasing
the number of auctions, we still have a rat race during all the periods of trading.!'’ We also
observe that the intensity of the rat race increases with the number of auctions.!?> When
increasing the number of auctions for a high level of noise, a waiting game takes place for
most of the auctions. We also obtain that increasing the number of auctions increases the
intensity of the rat race observed in the last auctions.

When we analyze the effect of increasing the number of insiders on the previous result,
we obtain the following results. For a very low level of noise, we still have one phase only,

i.e. the rat race. The results show that the intensity of this rat race increases with the

HThe simulations show that the range of o2 for which this result is satisfied becomes smaller and closer

to 0 when the number of periods increases.

12Numerically, we observe higher final values of o, when we increase the number of auctions N, and keep

0. constant.
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Reaction to private information over time for different values of oi
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Figure 13: Reaction of an informed investor Figure 14: Reaction of an informed investor

to his private signal («,) over time, M = 10, to his private signal (o, ) over time, M = 10,

N=20,02=1,%)=1. N=100,0%2=1,%)=1.

number of insiders.'®> We obtain that, for high levels of noise, the competition is distorted
as follows: we have an early and a late rat race with a waiting game occurring between
those two rat races. The intensity of the early rate race increases with the number of
insiders as well as with the number of auctions. It also increases when signals become

more precise (see Figures 13 and 14). The intensity of the final rat race decreases with the

number of traders.

4.3 Profit

In this section, we are interested in understanding how the competition between the insiders

affects their profits.

Numerical result 4 1. The introduction of the moise in the traders’ signals reduces
the profits when the level of the overall competition is low, measured by both the
temporal and the spatial competition i.e. when M = 2 and N < 7, or M = 3 and

N <3,orM=4and N = 1.

BThese results are obtained for a range of very low levels of noise, this range gets narrower when the

number of insiders increases.
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2. When the level of competition is high (M =2 and N > 7, or M =3 and N > 3 or
M =4 and N > 2, or M > 5 and for any N ), the traders’ profits are non-monotonic
with the level of noise. More precisely, the profits intially increase with low level of

noise and then decrease with it for high value of the noise.

Individual profit for different values of ci Individual profit for different values ofof

Figure 15: The individual profit (m;) as a Figure 16: The individual profit (m;) as a
function of Ug for M = 2, the number of function of O'g for M = 4, the number of
insiders, N = 3, the number of auctions, insiders, N = 10, the number of auctions,
02=1,%=1 02=1,%=1

These results can be explained as follows. Introducing noise in the traders’ signals
diminishes the intensity of the competition and so allows the traders to get greater profits
(Figure 16). However, too much noise decreases the trader’s trading intensity in such a
way that traders switch to a waiting game and so diminishes the profits. Noise acts as a
commitment not to trade. When the competition is low (measured by both N and M),

only the negative effect of the noise is present (Figure 15).

4.4 Optimal noise

In this section, we look at the optimal level of noise, 2 maximizing the informed traders’

expected profit. Our previous results show that the presence of noise in the private signals
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may reduce the level of competition between informed traders. This would lead to higher

expected profits.

Numerical result 5 There exists an optimal level of noise which mazximizes the expected

profits of the traders when the number of insiders is relatively high. We show numerically

that this level increases with the number of insiders, that the optimal individual profit

decreases with M and that the optimal aggregate profit converges to a finite positive value

when M increases infinitely.

These results are shown in Figures 17, 18 and 19.

Individual profit for different values of M
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Figures 17 and 18 show the individual profit for different values of the number of

insiders. We obtain that the optimal level of noise, i.e. the level of noise maximizing the

traders’ expected profit, increases with the number of auctions. We also observe that the

optimal individual profit, computed as the profit obtained from the first auction to the

last evaluated at the optimal amount of noise, decreases with the number of insiders. This

result is similar to the one obtained by Dridi and Germain (2009).
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Figure 19 shows that the expected aggregate profit (individual profit aggregated over
the number of traders) does not go to zero when M is large, but instead tends to a finite
positive value. This result is similar to the one obtained by Dridi and Germain (2009).

The next result exhibits the effects of increasing the number of auctions on the traders

expected profits.

Numerical result 6 The optimal level of noise increases with the number of auctions.™

For a fized level of noise, the individual profits decrease with the number of auctions N
for low levels of noise, whereas it increases with the number of auctions for high levels of
noise. We also obtain that the optimal individual profit converges to a finite positive value

when N increases infinitely.

These results are shown numerically in Figure 20.
The previous result can be explained as follows: as we increase the number of auctions,
the informed traders scope of profit increases. However, when the level of noise is low,

the profit decreases with the number of auctions since, in this case, the traders’ private

14WWe observe numerically that the optimal level of noise increases with N slower than with M.
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information is quickly incorporated in the price which then converges quickly to the true
value of the asset. When the level of noise is relatively high, less information is revealed
to the market maker and so the price does not converge as quickly to the true value of the

asset allowing the traders to obtain larger profits.

5 Conclusion

This article analyzes the introduction of heterogeneous noisy signals when strategic insiders
compete in a multi-auction market. In this case, when all informed agents are endowed with
signals of the same precision, we derive the unique linear equilibrium and its properties.
We find that the existence of an equilibrium is not always guaranteed. The existence
condition implies a negative relationship between the number of auctions and the noise
in the traders’ private signal. The existence of the equilibrium is guaranteed when the
competition is limited through noisy signals.

Our model also enables us to analyze the trade-off between noise and competition as in
Dridi and Germain (2009). We show that when the competition is strong (the number of
informed traders and/or the number of auctions is high), noisy information can reduce the
competition between insiders and can increase their expected profits. In that case noise
acts as a commitment not to trade.In the case of an intense competition, a low level of
noise reduces the competition between traders and leads to greater profits. For a weak
competition (the number of informed traders and the number of auctions are low), the
introduction of some noise in the traders’ signals always leads to a drop in their expected
profits. We then obtain a result which is similar to Dridi and Germain (2009).

With an intense competition, there exists an optimal level of noise that maximizes the
expected profits of the traders. We obtain that this level increases indefinitely with the
number of traders and the number of auctions. We also obtain, as in Dridi and Germain
(2009), that the optimal aggregate profit has a strictly positive finite limit when the number

of traders is large. Moreover, the optimal individual profit has a strictly positive finite limit
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when the number of auctions is large.

Furthermore, when the level of the noise is small leading to a strong correlation between
signals, the competition between traders takes the form of a rat race during all the periods
of trading. However, as we increase the level of noise, a waiting game phase appears during
the early periods of trading, and the intensity of the rat race of the last auctions decreases.
Hence, when the level of the noise is too large (implying that the correlation is weak) we
only observe a waiting game. This result is in sharp contrast with Foster and Viswanathan
(1996).

Our paper broadly agrees with the findings of Kyle (1985) where the traders gradually
incorporates their information into price. We find that traders trade very aggressively at
the last auction, as in Kyle (1985), however we do observe an auction where they refrain
from trading and even decrease their trading intensity. One empirical prediction of this
model is that changes in volume during the trading day can be explained by the presence
of noise in the information of the traders when they compete in the market. It would
be difficult to test this model empirically as we don’t have access to the profit and the
information of traders in banks. Nevertheless, we could design an experiment where the

level of noise is controlled and the profit of the players measured during the trading game.

6 Appendix

Proof of Proposition 1

The proof involves four steps. We will start by resolving the dimensionality issue (we
avoid the problem of increasing state history with time) when all traders follow their
optimal strategies. In the second step, we resolve the dimensionality issue when one trader
deviates from his optimal strategy, conjecture the value function and then obtain the first
order condition (FOC) that determines the equilibrium. In the third step, we show with
a lemma that, at the equilibrium, the parameters of the demand function for insider ¢ do

not depend on ¢. In other words, at the equilibrium, all insiders have the same reaction to
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their private information (ay,) and to their public information (3,). Finally, in the fourth
step, we derive the insiders’ backward induction program.

Step 1: The Dimensionality Issue
In this section we show how the dimensionality issue is resolved (i.e. we avoid the problem
of increasing state history with time). As in Foster and Viswanathan (1996), we look at
linear strategies for informed traders and learning by the market maker.
Consider trader ¢ who is interested in forecasting the true value of the asset that is not

predicted by the market after n — 1 periods of trading, using his information

(5’2-,:51-1, ooy Tip—1,W1,...,Wy—1). By equation (3.4), it can be shown that:
n
Pn=po+ Y Akt (6.1)
k=1
Trader ¢’s order for r = 1,...,n — 1 can be rewritten as:
r—1
Tip = 0y AS; + B Atepr—1 = i At S; + ﬁrAtr(pO + Z )\kwk) (62)
k=1
It is then clear that (Z;1,...,Zin—1) is redundant and the meaningful history for trader 4
is just (S’“ W1, ..., Wp—1). It is important to note that this only holds when trader i plays

his conjectured optimal strategy in past periods. In developing this result, we exploit the
fact that optimal strategies are functions of the private signal S;, and the order flow up to

that point. Thus trader ¢ predicts v — p,_1 as follows:

B[ — pn_1]Si, W1, .« .y Wn—1,Fi1, - -+, Zin—1] = E[D — pn_1|Si, 1, ..., Wn-1]
= E[/E - pn71|*§i — Pn—1, wlv cee 72Dn71]
= E[f) - pn—l"gi _pn—l]

= an(SZ - pnfl)-

We can then deduce that 5’, — pn—1 is a sufficient statistic for trader i to predict the
value of the asset after n — 1 trading periods. In deriving this result, we first use the
fact that in equilibrium (Z;1,...,Zip—1) is redundant given (S’i,u?l, vy Wp—1). Then, we

use the result that when we project ¥ and S; on (w1, ...,Wp—1) we obtain p,_1, so both
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U — pp—1 and g@ — pn—1 are independent of (w1, ...,wW,—1). Trader i is also interested in
predicting the signals of the other informed traders, as they use their signals to submit
orders, which in turn determine market price. Because trader j submits an order of the

form z;, = ozjnAtnSj + BnAtp,_1, trader ¢ needs to predict Sj. This is done as follows:

E[S;|S;, 101, .., Wp-1] = E[S; — pp—1|Si, W01, . . ., Wp—1] + Pt
= E[Sj — pn—1|Si — Pa—1,01, - - -, Wyp—1] + Pp—1
= E[S’j — Pn—1]Si = Pa—1] + Pni
= E[0 +& — pu-1]Si — Pn—1] + Pn1

= E[ID - pn—1|gi - pn—l] + Pn—1

= an(sz - pn—l) + Pn—1-

So (5’Z —Pn—1,Pn—1) is a sufficient statistic for trader ¢ to predict S j, and there is no history-
dependent hierarchy of forecasts. The above discussion shows how the dimensionality issue
is resolved in our model when all traders submit their optimal orders. However, we must
also consider deviations from the optimal strategy by any one trader (keeping the behavior
of other traders fixed). If trader ¢ submits an arbitrary order sequence (Z;1, ..., Tin—1),
which is different from the equilibrium orders (given by equation (3.3)), the sufficient
statistics that we have computed need not be relevant.!> In the next step, we resolve
the dimensionality issue when one trader deviates from his optimal strategy (keeping the
strategies of other traders fixed) and find the necessary and sufficient conditions for the
equilibrium. This finishes step 1 of the proof.
Step 2: Necessary and Sufficient Conditions For Equilibrium.

Suppose that all traders other than trader ¢ play their conjectured equilibrium strategy
and the market maker updates her beliefs using the linear rules described above. Now
consider what happens if trader ¢ has submitted arbitrary orders in the first n — 1 periods

(Zi1y .-+, Zin—1). To solve the model in this setting, we first need to construct the following

151n particular S; — Pn—1 is not orthogonal to (w1,...,Wn—1) since pp—1 # E[0|W1,...,Wn—1] because

trader ¢ has not played his optimal strategy in the first n — 1 rounds of trading.
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statistics based on trader i’s information from the first n — 1 periods. These statistics
correspond to the outcomes that would have occurred had trader ¢ used the equilibrium
strategy instead of the arbitrary strategy in the first n — 1 periods. For each informed
trader, we recursively define:

Wl =Y (o AtS; + BuAtpl, 1) + Aup,

M
J=1

n
Py =po+ Y A},
k=1

where 4!, is the order flow that would have occurred in the n'" round of trading if trader
i had followed the equilibrium strategy (&, ..., &in—1) in the first n periods of trading.
Similarly, after n rounds of trading, pi, is the price that prevails in the n round of trading
if trader ¢ had followed the equilibrium strategy (Z;o, ..., Zin—1) in the first n periods of
trading.

We can prove by mathematical induction that (11),2, ﬁ}c) is in the information set of trader ¢
(Si, Wiy« vs Wp—1,T41,- -, Tin—1). Hence, trader ¢ knows the change in the order flow and
the market maker’s expectation of the liquidation value of the asset.

As in Foster and Viswanathan (1996), the price deviation from equilibrium caused by past

suboptimal play is the additional variable that is needed to summarize the history observed

by trader ¢:
~ S o~ ~ ~ ~ ~ N N Q
E[/U_pn—1|Si)wla--~7wn—17$i17"'7xin—1] = E[U_pn—l +pn—1 _pn—l|5i7
~ ~ ~ ~ . - A~ 5~ ~ ~ ~
wla'--ywn—hxilv"'7xin—1] - E[U_pn—l‘Siawlv"'7wn—1axi17"'7xin—1]
N _ ~ N Q. A ~ ~ AL
+pn71 —Pn—-1 = E[U_pn71|Si7w17"'7wn—1axi17"'7xin—1] +pn71 — Pn—1

= an(Si—Ph_1) + Pt — Pno1-

Here, we use the fact that p!,_; — p,_1 is in the information set of trader i and that

(Si, W1, ..., Wp—1,Ti1,- .-, Tin—1) can be constructed from (S;, Wi, ..., W% _1, Tit, .-, Tin—1)-
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We also have:

E[S}|Si, 01, .+, Wn1,Fi1s -+, Zin-1] = E[Sj — Pn_1|Si, W1, ..., Wn_1,

Tily- s Tin—1] + Pno1 = an(gi —]5%—1) ‘Hail—r

Hence, we find that (S; — pi,_;, P, 1 — pn_1,P.,_1) is a sufficient statistic to forecast the
liquidation value and the signals of other traders. Now, we conjecture the value function

of trader 7 after n — 1 to be:

Tin = k1n-157 +kon- 18001+ k3n_192_1 + kan—1pn—1(Ph_1 — Pn1)

k5015 (Ph_1 — Pr—1) + K6n—1(Ph_y — Pu-1)? + 1.
We also conjecture the optimal strategy of a trader who has played an arbitrary strategy:
Fik = e AteS; + BeAtepe—1 + Gtk (Bl — Pr—1)-

One can consider the profit which is realized at the nth auction, and what remains to be

gained from the next auction to the end of trading. This is given below:
E[min|Si, 01, - .., Wn1, &1, - -, Zin—1] = B[(0—pn)Ein+Tni1]Si, 01, . . ., Wn1, Fits - - -, Fin—1]-

This leads to the following expression

Emin|Si, @1, o, W1, Tity « + +, Bin—1] = T + 11,
with
I= E[:im(f) —pn)’;gi,ﬁ)l,...,ﬁ]n_l,:i‘ﬂ,...,.i'm_l],
IT = Elmin41|Si, 01, ..., Wne1, Eits - - -, in—1]-

The price at auction n is given by
Pn =DPn-1+ )\n(AXn + Aﬂn),

with AX,, = Zin + AX the aggregate order flow from the demand of the ith insider (Z;;,)

and from the M — 1 other informed participants (AX}) at the nth auction.
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Since A, is independent of ©, we obtain
E[Adn|p1, .., pa1,5i] = E[Ad,] = 0.
We have already shown that:
E[0]Si, W01, . .. p 1, Fi1, - Fin_1] = an(Si — Pbrq) + Py (6.3)

Due to normality, we have the standard formula:

cov(D, Sy, ... k)
n — = -
var(S;|wt, ..., 0 _4)
_ CO'U(@, v+ Ei|p17 v 7pn—1)
'UGT‘(TN) + E’i‘ph CIEaE 7pn—1) '
Then, we obtain:
El5|S:. @ ~ ~ ~ _ Y1 S _pi A~ _ g A~ ~f
(0S4, @1, -+ v Wn—1, Tity -+ -y Tin—1] = m( i—Pn-1)+Pp1 = an(Si—Pp_1)+Pp 1,
n— €
with a, = «—=2=1 and %,_; = var(d|d1,...,wa_1) being the error variance of price at

Zn—1+02

the (n — 1) auction.

We then compute the two terms of the profit I and 11

I = ZpBD— pp1|Si,w1,..., Wn_1,%i1,- - Tin—1]
—MZin B[AXG|Si 01, . .o, W1, il - - - FBin—1] — ATy
IT = E[k1n5? + konSipn + k3.nD2 + kanpn (Dl — D) + Es.0Si (P

—Dn) + ko (Pl — D)2 4 0] Si, W1, - . W1, Fily -y Bin1)-
Given that
Pn = Pn-1+ M(Tin + AXS + Ady),
P o= Py AMa(Fin + AXE + Ady),
we obtain:
By = Dn = Py — Pt + Mn(@in — Tin) + M(AX] — AX])
=Pl 1 = Pno1 + MBin — AnFin + (M — DA BRALB, | — po_1)

= [1 + (M - 1)>\nﬁnAt] (ﬁ;_l - pnfl) + )\nim - )\njin-
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The second term I can be rewritten as

IT = k1nS?+ konSipn_1 + kon A SiE[AX]Si, @1, .. oy W1, i1y - s Fino1] + k2.0 AnSiFin
k30 E[(Pno1 + MAX 4 Mpoin + A Aiin)?[S, 1, - . oy W1, Tity - -+ s Fin—1]
han[l 4+ (M — DA BpAtpn—1(pl, 1 — Prn1) + kanAnPn—1(Zin — Tin)
FhanAnZin[l + (M — )X Bn A (Br, 1 — pr1) + kanNaZin (Zin — Tin)
thgnAn[l + (M — DX B A (P _y — pn1) E[AXE|S:, 01, -+ oy W1, Ty - Tin—1]
ko A2 (Zin — Tin) E[AXSi, 01, ooy i1, Tity - - -y Tin—1]
k5[l + (M — D)X B AYS; (Bl — pr_1)

+k'5,n)\n‘§i(i‘in - jzn) + kﬁ,n(ﬁ% - pn)2 + 577,

The ith informed trader chooses his market order x;, that maximizes his future expected

profit. Thus, the first order condition (FOC) implies that:

E[0 — pn1|Si, W1, -+ o, W1, i1, s Fin—1] — M E[AXE|Si, 01, oy W1, Tity - -+ » Tin—1]

E[kQ,n)\nSZ + 2)\nk3,npn + k4,n [)\n (ﬁ% - pn) - )\npn] - Ank{i,nsi - 2k6,n)\n (ﬁqzz - pn)

|Si, W1, - oo Wne1, Tty - - -, Tin—1] — 2AnTin = 0.

Moreover, we can directly derive the second order condition:
)\n[l — /\n(k?m — ]C47n + kﬁn)] > 0.

Given the linearity of the traders’ market order, the aggregate order flow of the j # ¢ other

informed participants is AX} = Zj\;[éz ajnAtgj + (M —1)B,Atpy—_1, we have:

E[Z%gi ajnALS; + (M — 1) B Atpp_1|Si, i1, . . ., Wn—1, Fit, . . ., Fin-1] =
(an(Si = 1) + 1) (5 g At) + (M — 1) Atpr 1.

This leads to the following expression for the FOC:
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an(Si = 1) + Pyt = Pt = Malan(Si = Bly_y) + B_1) ()% ajnt)

(M = 1)BoAtpn—1 + kanAaSi + 2Xnk3n(Pr—1 + Anin + Mal(an(Si — pl_1) +Piy_q)
(0% L) + (M = 1)BuAtypp1]) + kanAn[l + (M = D)ABu AL (5,1 — pn1)
Fhan A2 (Ein — Fin) — kandn(Pn-1 + MFin + Aal(@n(Si — p4_1) +Ph_y)

(i jnAt) + (M = 1) B, Abnpp-1]) — ksnAnSi

—2kenAn [l + (M — DX Bn A (P — pr1) — 2ken A2 (Zin — Tin) — 2AnTin = 0.

The FOC can be rewritten as:

- 1 1

Si[an - 2)\n(1 - An(k?m - §k4n))ainAt + )\n(k2n - k5n) + )\nan(2)\n(k3n - §k74n) - 1)
M 1 1

(Z ajnAt)] + pnfl[_an + 2)\n(k53n - §k4n) - (M +1-— QM)\n(kSn - §k4n))>\nﬁnAt
J#i

M

A= a) (1= 2 lhsn — L)) (3 @5n 0] + (B~ pu 1)1~ an
J#1

1 M 1
+(1 = an)An(2An (ks — San) — D ajnAAt) + 200 (Bn + Cu) At(An (ksn — Shan) = 1)
JFi
) 1 ) 1 1
*QAanAt(M B 1)(k6” - §k4n) + QAnCnAt(kfin - §k34n) - 2>\n(k6n - §k4n)] =0.

By identification, the coefficients multiplied by 5}, Prn_1 and ﬁil_l — pn—1 must be equal to

zero. This leads to:

M
1 1
an—2)\n[1—)\n(k:gn—§k4n)]ozmAt+)\n(k2n—k5n)+>\nan[2/\n(k3n—§k4n)—1](z ajnAty,) = 0.
J#i

After some further simplifications we obtain
1 1
—an + 2)\n(k3n - §k4n) - [M +1- ZM)\n(k?m - §k4n)])\nﬁnAt

M
1
(1 = ap)[1 = 22, (k3 — 2k4n)](; ajnAt) =0,
VE=

and

M
L an (1= an)Mnl2Anhsn — han) — (3 0gndh0) + 200 (B + Go)M ki — Shan) — 1]
J#i

1 1 1
—2X2 3, At(M — 1) (kg — §k4n) + 202, At (kgn — 51@4”) — 2\ (kgn — §k4n) = 0.
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We then obtain the following relationships for a;,, 5, and ¢,

an + )\n k?n - k5n 2)\n(k3n - lk4n) -1 M
in At = — ( — ) (n o 2 — (Z ajnAt), (6.4)
2>\n[1 An(k?)n 2k4n)] 2[1 )\n(k?m 2k4n)] i
PRI (T T e R LSt U0 [ S AV i LD S
" (M + 1)An = 2M (ksn — gkan) A2 (M + 1)Ag = 2M (ks — 3kan) A2 < men
(6.5)
1 1 M
CAL— an — 1+ 2Xn(ken — gkan) — (1 — an) A [2An(k3n — 5kan) — 1 (O ;2 ajnAt) (6.6)

2)\n[)\n(k3n - %]@ln) - 1] + 2>\%(k56n - %k4n)

20Kz — gkan) — 1] = 203 (M — 1) (ken — %k‘”‘)/j Ar
22 A (ksn — Skan) — 1] + 202 (ken — Skan) S

The first relationship needs to be solved for the oy, parameters. Let us define the following

parameters

an 1 =2\ (ksn — 2kan)
21— Ny(kzp — $kan)

CL/ _ Gnp + )\n(an - k5n)
2 (1 — A (K3 — Skan))]

, and b = —

Given a’ and ¥, the relationship (6.4) between the parameters «; can be rewritten as, for
i F]

a; =a + b’(z a;). (6.7)
J#
Step 3: The demand of the insiders.

The Lemma below gives the expression of the «; parameters solving that relationship.
Lemma Let a’ and b/ be two real numbers such as for i # j the relationship (6.7) is verified
then, if b’ # —1 fori=1,...,M:

!/

a
o=,
1 -b(M—1)
Proof: We have the following M equalities
a; = d+b(ae+...+any),
as = d +b(ar+az+...+ay),
ay = d+V(ar+as+... +ay1).
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Let ¢t be a real number such that ¢ = Zf\i 1 @;, by adding the M previous equalities, we
get:
t=Mad +V (M- 1),

Ma'

sy b

On the other hand, by considering the difference of the first two equalities we have:
as —aj = b (a1 — a).

Hence, we obtain:

042(1 + b,) = 041(1 + b,)

Then, if b’ # —1, all the real numbers «; are identical.

Therefore, we can conclude for i =1,..., M:
o
o = m
It can be verified that the case where b’ = —1, cannot happen due to the second order
condition.

This ends the proof of the lemma.

By applying the lemma, we find the following expression of «;, At which is independent of

1
ap + )\n(k2n - k5n)
An [24+ (M = D)an — 220 (ksn — 3kan) (1 + an(M —1))]

ain At = o, At =

The expression of 3, is given by:

8 At = 2(ksn — 2kan) A — an M =1 (1= an)(1 = 2Xa(ksn — tkan)) ’
" (M + 1)\, — 2M (ksn — Skan) A2 M (M + 1)\, — 2M (k3p — Skan)X2

with ¢, = M\,a, At .
On the other hand, one obtains the relationship between the error variance of prices at the

nth auction (X,) and the error variance of prices at the (n — 1)th auction. Indeed:

RY
L N - 5 cov (0, W
Y, = var[o|wy, .. ., wy,] = var[v|wy, . .., Wy_1] — Ua(r(’wn))
n
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Hence, one obtains:
Y =301 — Acov(0,0) = (1 — MApa, At)X,—1 = (1 — ) Xn—1.
Since Y, is positive, we have the following condition:

Py < 1.

Then, a, can be written as:

Enfl _ En
Yp—1+ 0'62 Xy, + (1 - Tl)n)o’?

Ay —

The error variance of the price at the nth auction, X, is equal to:

(anAt)?X2 | M2

En: ~~7"'7~n:E”__ ’
var[0|w; W] LT (an ADPE, M2 1 M(andd)20? + 02Ad

Yn_1(02At + (a, At)2Mo?)

Yip = .
" (anA)2M2E, g + 02At + (anAt)2Mo?

The market efficiency condition implies that A, is the regression coefficient of ¥ on w,,,

conditional on 4, ..., ®W,_1, then:

(7% AtMEn, 1

Ap = .
" (At 2M2Y, 1 + 02At + (o Aty,)2 M o2

This leads to the following expression

An Mo, At

Sn M(anAt)202 + 02At

Since a, At = =22 one obtains:
M,

2 .2
)\2 _ 77[)71271 - ¢nM05
" o2 At
That yields the following condition:

o2

X > wnﬁ'
Since ¥, > X and 1, < 1, the following condition is sufficient for equilibrium
2

(o}
ZN>ME~
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Step 4: The backward induction program of the insiders.

Each trader ¢, for ¢ = 1,..., M, solves his maximization problem:

Elmin|pts - spn-1,5] = kin-152 + ko 1Sipn—1 + k3102 1 + kan—10n—1(0%_1 — Pn—1)

ks 1Si(Ph_1 — 1) + ko 1P 1 — Pn1)® + 001

Since each trader uses a backward induction process, we have to find a recurrence relation

between the different parameters:

A11,n A12,n QA13;n Ql4n Al5n Q160

k1n-1 k1n Cln
a21,n A22n Q23 G24n 4250 Q2610

kan—1 k2n Con
a31n A32n 33, G34n A35n A36,n

k3 n—1 k3n C3n

= A41,;n QA42n Q430 G44n Q450 Q46,0 +

kan—1 kan Con
asl,n  Aas52n A53n QA54n A55n A56,n

ks n—1 ks n Cs.n
agl,n  A62,n QA63n QA64n A65,n A66,n

k6 n—1 ke n C6,n

In order to find the expression of the profit of the ith informed trader, we calculate
E[AX:;‘SZ, U~)17 Ceey ﬁ)n_l, {Z'il, ey -%in—l] and E[(AX;)2‘§Z, 'UNJ1, v ,ﬁ)n_l, 5}1‘1, v ,i'm_l]. They
are given by

E[AX;HS’Z, 7I)1, e ,’LZ)nfl, Ifﬂ, e ,{Z‘Z’n,ﬂ = (M — 1)OénAtCLnSi

H(M = D)[BrAt + an Aty (1 = an)lpn—1 + (M = 1)(1 = an)anAt(p,_1 — pa-1),

and

E[(AX)2Si, 01, . . .y Wne1s Eils - - - Zin1] = E[(M — 1)%(B,At,)?p2 4 (6.8)

M M
+Hom AL (O 55)% + 20 AL AU M — D)pp1(D S))[8s, @1, - ., n1, i, - ., Fim1]-
J# J#

It remains to calculate E[(E%gz gj)z\gi, Wiy ..oy Wn—1,Til,- -+, Tin—1]. That expression can
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be written as:

M
E[(Z Si)2|Si, 01y . oy Wy, ity Tin—1] = E[Z S? + QZngkfgi,@l,---,@n—1

j#i J#i J<k
7572'17 s ,j”infll
We then have
E[gjgkygz, Wiy ey Wr—1,Tily-- - ,ii‘m_ﬂ = E[(f} + E])(’D + Ek)|g7;, Wiy ey Wr—1, Tily-- - ,.i'm_l]
= E[®2’S’iuu~)1) an—lyx’blp"wjin—l]
= E[0*S;, 0%, ..., 0% 1, i1, .. Fin1]
= E[TN)QIS’Law’i) 771\):'7,—1]7
and
5 - , Cov(d, S;|wt, ... wt_,)]?
Var(o]S;, ot ... &8 ) Var(olat, ... @' ) — [Cou( ’J’Ail’ ’A[”‘l)]
Var(S;|wi, ..., @ _
22
E _ n—1 _ 2.
n—1 SR An0¢
Given the above, we get:
E[Sjgk‘gi,iﬂl, ey W1, Ty - - - ,fi‘m_l] = E[’f]‘gi,ﬂjl, e W1, Ty - - - ,.Cl~fm_1]2 + C(,@Oé))

We then obtain that

BI85 1, ..

sy Wr—1, i1, -

= [an(gi — P_1) + Pha1]® + ano?.

. va?in—l] = ang + (1 - an)ngz—l + (1 - an)Q(ﬁfz_l _Pn—1)2

+ 2(]- - CLn)2pn—1 (ﬁqim—l _pn—l) + 2an(1 - an)gi(ﬁ;—l _pn—l) + 2an(1 - an)gipn—l + anO'EZ,

and

E[Sf\ﬁi,wl, W1, Fily e Fine1] = a28F 4+ (1= an)?p2 (1 —an)? (Pl — pn_1)?

+2(1_an)2pn71 (ﬁ;—l_pn71)+2an(1_an)g’i(ﬁ;—1 _pn71)+2an(1_an)§ipnfl+(an+]—)052-
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Using the two previous expressions to compute (6.9), leads to:
B> 5521851, ..y tn1, it - - EFin1] = ap(M = 1)287 + (1 = an)*(M — 1)°p3_,

+(1— an)Q(M - 1)2(13;71 - pn—1)2 +2(1 - an)Q(M - 1)2pn—1(ﬁ;71 — Pn-1)

+2a5 (1=a,) (M=1)8;(pl, -1 —pn—1)+2an(1=a,) (M —1)*S;pp 1 +(M—1)[1+(M—1)a,]o?.
This is then used to calculate expression (6.8) and leads to

E[(AX)?|Ss, 01, . . Wp1, ity Fine1] = (anAty)?a®(M —1)25?
+(M = 1)*(anAt(1 — ay) + B Atn) P2,
Han At (1 = an)2(M = 1)(p_y — pn1)?
+20, At(1 — ap) (M — 1) [, Aty (1 — ay)
+Bn Alpn—1(Bp—1 — Pn-1)
+2a5 (1 — an) (0 A)* (M — 1)*S;(p}, 1 — pn—1)
+2a,0, ALM — 1)?[(1 — ap) o At
+ B0 At]Sipn—1

+Han A)2(M — D)[1 + (M — 1)ay,)o?.

We calculate the profit of the ith informed trader by substituting &;, = anAtS’Z-—l—ﬁnAtpn_l—i—
CaAL(PL,_; — pn—1) in the expression of the profit, and by identification we obtain the dif-

ferent coeflicients:

Op1 = 0n + Aoky [02A, + (M — 1) (anAt)*(1 + (M — 1)ay)o?]] (6.10)
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ailn =1,

a12.n = Ap(anAt)[1 + (M — 1)ay),

a13.n = A2 (an At)2[1 + (M — 1)a,)?,

a2 = 1+ A Bt 4+ M\y(M — 1)[BpAt + an At(1 — ay,)],

ag3n = 22X At[1 + an (M — D)][1 + MApBrAt + (M — 1)(1 — ap) Ao Aty],
azsn = [1 4+ M (M — Do, At(1 — ay) + M B, A%,

aszn = 2220, At(1 — ap) (M — 1), At(1 — ay,) + BuAt] 4 2X2 3, At(, At
+20, (1 — ap) (M — Dan At + 20, At + 202 [(1 — ap ) (M — 1), Aty B At
+(M — 1)G At (an At(1 — ay) + BrAt)],

agan =1+ (M — 1N BpAt + A (Br At — G AL) + Ay [1 + (M — 1)A, B At B At
+A2 B AL (Bp At — CuAL) + Ap[1 + (M — DA Bn Aty (M — 1) [, At (1 — ay,) + BrAt]
+X2 (BuAt — G AL (M — 1) [, A1 — ay,) + BaAt],

as2n = A (1 —an)(M — 1)an At + A\ (At

aszn = 22204, (1 — apn)(anAty)? (M — 1) + 202 o, At Aty

+2X2[(1 — apn) (M — 1) (anAtp)? + an(M — 1)a, At¢, At

asan = An[l 4+ (M — )N, B AtJan At + A2 (B At — (o Aty )a, At

A1+ (M — DA BpAtan (M — 1o At + A2 (B, At — G Aty )an (M — 1)ay, At,
assn = 14 (M — D)X\, B At + A\ (Br At — G Ab),

a3 = Ap[Ca At + (anAty)(1 — apn)(M —1)]2,

agan = Al + (M — D)X\, Br At At + N2 G AL (B A, — (uAL)

+n[1 4+ (M — )N, Br A (1 — ap)(M — 1), At

+A2(BpAt — G At (1 — ap) (M — 1), At,

a66,n = [(1 + (M - 1))\n6nAt) + /\n(BnAt - CnAt)}Qv

and
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Cin = anAt(an — (M — 1)apAnanAt, — ApomAt),

Con = an(BuAt — ay At) — Mpan (M — 1), BpAt? — 20,0, B At?

(M = 1)[BuAt + a, Aty (1 — ap)] o A,

C3n = —AnfnAt — Ay (BrnAtn)? — Mo (M — 1)Bu At[Bn Aty + an At(1 — ay,)],

can = (1 — ap) BnAt — anGuAt — 27\, B At( At — A\ [(1 — ap) (M — 1), At At
+(M — 1)G At (anAt(1 — ay) + BrAt)],

csn = (1 — ap)an At + an G At — 2\, AtC AL — A\ [(1 — ay) (M — 1) (i, At)?
tan(M — 1) o, Até, At],

Con = (1 - an)CnAt - )\n(CnAtn)2 - )\n(l - an)(M - 1)OénAtCnAtn.

The coefficient of the reaction to private information at the nth auction, a,,, is equal

to:
an + )\n(k2n - k5n)
An 24 (M = D)an — 22, (ks — Skan) (1 + an(M —1))]

a, At =
The equation fory,, is given by:

May, + My, (kapn — ksn)

Un = :
24 (M = Dan — 2\ (ksp — 2kap) (1 + an(M — 1))
b)) 1/)%0'2
By substituting a, = % and \2 = ”’”Ug% and developing the previous

equation, we get that 1, is the solution of the following equation of order six:

2 2 2 2
g g g g
Memfmwg + (Me')%n - En’VSn)wg + (¢5n + Me%’m - En’Mn)w;lL + (¢4n + Me'y2n - Zn’YZ’m)w?L
2
g
+ (¢3n + Me')/ln - Zn')’Qn)wZ + (¢2n - Znyln)wn + ¢1n = O,
with
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2 2 En+0'€2 2
Yin = M (hap — ksn)?E20
2 M(k2n_k5n)0'€2_2(k3n_lk4n)(MEn+o'52)
Yon = _QM(kQTL - kSn)(Ue + Zn) oAt 2 5
_ 4(k3n_%k4n)2U§+M2(k2n_k5n)20'é+4M2(kBH_%k4n)22%_4M(kJ2n_k5n)(k3n_%kéln)zno'z
Y3n = o2 At
SM(kJZn_k&n)aé(kSn_%k4n)+4M2(k2n_k5n)gz(k33n_%kéln)zn_S(kSn_%kéln)ZMEno'?
N J%At )
AM (kon—ksn) (kan— L kan)ot—8(kan— S kan)?0 2 —8M (ksn— 3 kan)?Sno?
Tan = o2 At )
4(k3n—%k4n)203
Von = T o3Ar
and
_ 2v2
b1 = M35,

Pon = —2M¥, (202 + (M +1)%,,),
P3n = 402 + 402 (M +1)S, + (M +1)2%2 +4Mo?%,,

Gan = —80F — 4028, (M + 1),

Gsn = 40?
At the final auction there is no future profit, we then have koy = 0 and k3y = 0. The

parameter 1y is derived from:
PsNUN + QAN + d3NUR + danthn + 1y = 0.
The previous equation can be factorized as:
20293 — (202 + (M + 1)Sn)y + MEN]? = 0.
Hence, the parameter ¢ is derived from:
20213 — (202 + (M + 1)EN)n + MEN = 0.

This ends the proof of proposition 1.

The case of perfect private information: S; =

s3]

We now illustrate our model when o2 = 0.

In this case, the demand function of informed trader 7 at auction n becomes:

Tin = anAtD + B A1, (6.11)
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and his expected profit:
E[in|Phs - - - P15 0) = k1,n10% + kan—19h 10 + kgn—1Ph_1° + On_1.

1, is solution of the following equation:

A(k3n—3kan)*Tn N [4<kzn—k5n>(k3n—%k4n>zn (ML)
o2 Aty n o2 At M n

_ 2
R+ B - 1=0.

At the final auction, the parameter ¢y is derived from:

M+1, , M+1
then:
M
YN =T

The coefficients ay,, By, an and A, are characterized by the following equation:

N — M Xy

N M +102At,
Since 02 = 0, we have a, = 1 forn=1,..., N, we then get:
ByAL = L WA
NEE T M)Ay e

We can prove, by using mathematical induction, that for all

auctions n =1,..., N we have:
1 —2X\ (k1 — Skan
BnAt = _anAt = - ( : 214 ) s
)\n[M(l — 2)\n(k1n — 5]{4”) + 1]
k3n = kln,
kon = —2k1,.

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

Then, the demand function and the expected profit of informed trader ¢ can be written as:

Tin = O‘nAt(f] - ﬁ%—l)v

E[mtin|plys - - s Dh_1,0] = k1n—1(0 — pi_1)* + dp1,

44

(6.20)

(6.21)



with

Sn—1 = On + Nkzno2At. (6.22)

Furthermore, we have:

by

by
A2 = Py —sn— = M Aoy At——. 6.23
Solving the previous expression (6.23) for A, leads to:
MapX
Ap = % (6.24)
u

These equations are similar to those obtained by Holden and Subrahmanyam (1992).
The case of static setting: N =1
We now illustrate our model for NV = 1.

In this case, we have At = 1 and « satisfies the following equation:

anN
ay = .
NTANE2 A+ (M = 1ay]
We also have:
20 0'12) 1
an = = = .
N Yo+02 o2402 147

where 7 = Z5. Then, a can be written as follows:

ciqm‘mqw

1
CANM +1+27)

anN

This leads to the fact that Ay can be written as:

vM
1—}—7&.

Ay = — v —
NTMTitor Ou

We then obtain:
Ou 1

N e M)

By substituting ay and Ay by their expressions, the value function can be written as

follows:
w0V 1+ T
VM(M +1+271)

These results are similar to those obtained by Dridi and Germain (2009) when all insiders

Elrg) =

have the same level of noise in their signals and there is one auction.

All other Propositions are obtained by numerical procedures.
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