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Abstract

The present work studies the behavior of a monopolistic informed trader
in a two-period competitive dealer market.

We show that the informed trader may engage in stock price manipula-
tion as a result of the exploitation of his informational advantage (su=cient
conditions are provided). The informed trader achieves this manipulation
by not trading in the rst period according to the information received.
This trader attempts to jam his signal or to blu®. In equilibrium this be-
havior is anticipated by the market maker, but still the informed continues
to blu® with a positive probability. Equilibria with blu%ng behavior are
mixed strategies equilibria where the informed both follows and jams his
information with positive probabilities. We also show that under those
su=zcient conditions, a pure strategy equilibrium where the informed does
not blu® does not exist.
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1 Introduction

It has long been argued that stock price manipulation through trades of the stock
only could not be pro table.! Indeed, in that case, in order to manipulate the
stock price, the trader establishes a trend (or a bubble) with some trades and
then trades against this trend. This strategy leads the trader to buy at a high
price and sell at a low one. Whereas, to make a pro t he should be able to \buy
cheap™ and \sell dear".

The present work aims at showing that the previous reasoning may fail in
some situations as such type of strategy may result pro table. More precisely,
this work determines the market conditions leading to the use of this strategy in
equilibrium. Throughout the paper, this strategy is called blu%ng strategy. The
reason will become clear as we de ne the model. The analysis is performed in a
simple two-period model often used in the market microstructure literature.
The market is organized as a dealership market where the dealer or market maker
sets the prices before the traders’ order submission. This dealership market oper-
ates as a continuous mechanism, i.e., the traders’ orders are executed sequentially.
The traders can be one of two types: non-myopic with private information of the
future asset value or myopic liquidity trader. We assume that there exists a sin-
gle non-myopic informed trader (henceforth informed trader). They all submit
discrete orders to the market maker.? The quantity submitted by the liquidity
traders is exogenously xed. The market maker when facing a trader does not
know the trader's identity. Obviously, the informed trader is the one that might
attempt to manipulate the stock price. Indeed, this trader has monopoly in in-
formation. Because of that, he might use in equilibrium the bluxng strategy
as a result of a strategic exploitation of his information. In order to establish
the trend in the rst period when bluzxng, this trader uses the converse side of
the market given by his private information. In the second period, he follows
his private information. If the trader received, for instance, low information he
purchases in the rst period and then sells in the second period. On one hand,
the trader bears some cost in the rst period as he purchases the stock at a price
above its conditional expected value. On the other hand, he raises the second
period bid price.

Given such a model, it is always the case that the per unit cost of inducing the
trend overcomes the second period gain in the price. Indeed, the informed trader
discloses part of his private information in the second period. This has a direct

1This type of manipulation is called trade-based manipulation.

2Two models are used in the analysis. The ~rst one is based on Glosten and Milgrom [11]
where traders submit discrete orders of a unit size. The second model is a slight modi™ cation
of Easley and O'Hara [8]. In our model the non-myopic trader has the choice between two sizes
for his discrete order (large and small) in the ~rst period. In the second period this trader is
constrained to trade the large size only.



implication: The informed trader never blu®s if he is constrained to trade orders
of the same size in both periods.> Thus the informed trader should be allowed to
choose among di®erent order sizes to overcome the rst period cost. The second
model allows him to choose among two order sizes in the rst period. In the
second period he trades the large quantity only. Given that model, we show in
proposition 5 that the informed trader might nd pro table to blu® even though
the market maker anticipates it. Proposition 5 illustrates a situation where the
informed blu®s if he receives low information whereas he follows his information
if it is high. The trader mixes between selling a large quantity and purchasing a
small one if his information is low, whereas he mixes between purchasing a large
quantity and a small one if his information is high. Three points are important
for the use, in equilibrium, of the blu£ng strategy. The rst point deals with how
the large quantity compares with the small one. When the two sides of the mar-
ket (bid and ask sides) are suzciently wide , i.e. the large quantity is su=ciently
large compared with the small one, the informed does not blu® in equilibrium.
Indeed the advantage of trading large quantities compensates any better price
induced by bluxng or following the private information with a small quantity.
The second point concerns the extent of the informed’s private information dis-
closure when he trades against the trend. If the second period price reacts too
much when he follows his private information, blu£ng cannot be pro table. In-
deed in that case blu£ng does not imply a \so much better" second period price.
In other words, the price should exhibit some price momentum when the trader
follows his private information in the second period. Finally, the cost of inducing
the trend also a®ects the pro tability of the blu%ng strategy. An example gives
some parameter values for such a situation.

In related literature, Allen and Gale [1] and Allen and Gorton [2] speci cally
look at trade-based manipulation, whereas Jarrow [13] uses a stochastic dynamic
model to study stock price manipulation.*

Allen and Gale [1] study trade-based manipulation in a rational expectations
framework with nite horizon (3 dates). Three types of agents are present in
their model, risk averse investors (continuum) and two risk neutral large traders
(informed and the manipulator). By de nition, large traders' orders move the
price. The traders are able to trade two assets: cash and a risky asset. The
informed knows whether an announcement is forthcoming but he is not informed
of the future value of the asset. If the announcement concerns bad (good) news,
itis made at t = 2 (t = 3). Prior to t = 1, only the investors who hold all
the stock are present in the market. At t = 1, the informed enters only if he
anticipates an announcement. If there is no announcement, the manipulator

3This is an illustration of the reasoning previously mentioned concerning the pro tability of
trade-based manipulation strategies.

4Cherian and Jarrow [7] provide a review of the literature on stock price manipulation. Their
review is based on the work of Jarrow [13].



may enter. Once a large trader enters the market he stays until the second
date. The investors are not able to observe the date 1 trader's identity. As a
consequence, they do not know whether the large trader purchase results from
share undervaluation or manipulative motives. Manipulation occurs provided
investors attach a positive probability to the manipulator being an informed
trader. If at t = 2, no announcement is made and a purchase took place, there is
still the possibility of receiving good news at t = 3. This pushes up the price at
t = 2 and enables the manipulator to unwind his position with positive gains.

Allen and Gorton [2] also study the case of trade-based manipulation by
uninformed traders in a four-period model, where each period is based on Glosten
and Milgrom [11]. They exhibit an example of pro table manipulation when
liquidity selling is more likely than liquidity buying or, when the probability
of a buyer being informed is di®erent from the one of a seller being informed.
The former case can be motivated by the fact that liquidity buyers are more
free to time their purchases. The latter case deals with the fact that because of
short sale constraint, good news are easier to exploit than bad news. Those two
cases imply a di®erent price response for a sale order and for a buy order. This
creates pro table manipulations, meaning that the uninformed can use strategies
leading to positive pro t. Once the market maker anticipates this possibility, the
uninformed continues to use this strategy with some positive probability and gets
zero pro t.

Jarrow [13] investigates stock price manipulation by large traders in a stochas-
tic dynamic model of asset markets. Large traders are de ned as in Allen and Gale
[1]. Jarrow [13] adopts a partial equilibrium analysis where the equilibrium price
process properties are exogenously given. He shows that market manipulation
strategies including bubbles, corners and short squeezes exist under reasonable
hypothesis on the equilibrium price process. For trade-based manipulation, the
large trader induces a trend in asset prices with his rst periods trades and then
trade against it. Jarrow [13] shows that this strategy may result pro table if
the exogenously given price process exhibits price momentum. In other words,
the prices should not react too much when the large trader trades against the
trend and revert back to quickly to their initial level. Example 3, in Jarrow [13],
describes such a situation in a three-period model. The price process is built
up such that its last period sensitivity to trades is lower than the rst two pe-
riods sensitivities. Given this price process, trade-based manipulation may be
pro table.

Those three papers share the view that trade-based manipulation results from
uninformed traders, i.e. from traders who do not have private information con-
cerning the asset future value. Whereas, we do believe that such a behavior may
be the result of a strategic exploitation of information. To our knowledge no
paper investigates precisely that possibility. Because of that, this paper displays
an e®ect not present in the three previous papers. The informed is concerned



with his aggregate position on the asset when blu£ng. Indeed, because of the
presence of noise trading the informed pro tably exploits his information when
following his information. As a consequence, when bluxng he must end up with
an aggregate position (net seller or net buyer after the two period trades) in ac-
cordance with his private information. In the three papers analyzing trade-based
manipulation, the manipulator derives pro t when manipulating even if he ends
up with a zero aggregate position on the asset.

Besides, in contrast to Jarrow [13], the price process is derived as part of the equi-
librium. Indeed, the price process depends upon the traders' behavior through
the dealer's beliefs concerning the information received by the informed trader.

Another paper related to our work is the one by Kyle [14]. In this seminal
paper, Kyle [14] studies the dynamic behavior of an informed trader in a batch-
clearing market. All (market) orders are submitted to a market maker who sets
a price which makes the market clear. In that case the market maker does not
observe the size of the individual trades but rather the aggregate order ow. In
this framework, a monopolistic informed trader selects his order size and trading
intensity taking explicitly into account the e®ect his trades have on the current
and future prices. As a result, the informed continuously trades without attempt-
ing to manipulate prices with the bluxng strategy. Such strategies would lead to
unbounded pro t and therefore are ruled out in equilibrium. In our framework,
as the informed trader trades discrete orders he cannot realize unbounded pro t
when blu=xng.

Besides trade-based manipulation, the literature on stock price manipulation
also looks at two other types of manipulation. The rst type can be described as
action-based manipulation. Manipulation is based on actions that change the ac-
tual or perceived value of the assets. The second category falls into information-
based manipulation, in that case, manipulation is based on the release of false
information or the spread of false rumors. Many real examples of such manipu-
lation can be found in Allen and Gale [1]. The U.S. Securities Exchange Act of
1934 outlawed information-based and action-based manipulation.

Vila considers the two types of manipulation previously mentioned whereas
Bagnoli and Lipman [3] consider the rst type only. In Vila's [20] model analyzing
action-based manipulation, the manipulator pools with a purchaser of the stock
before the occurrence of a takeover bid that will increase the value of the rm.
In Bagnoli and Lipman [3], a bidder manipulates the rm's stock price through
a takeover bid. As his motives (manipulation or real takeover) are private infor-
mation to the agent, the market price of the rm's stock price increases. This
increase generates pro t for the manipulator. Moreover, they show that banning
manipulation has ambiguous e®ects on welfare.

Three works can be classi ed in the second category: Vila [20], Kyle and
Vila [15] and Benabou and Laroque [4]. In both Kyle and Vila [15] and Vila
[20], the manipulator shorts the stock, releases false information and then buys



back at a lower price. Extra payo®s are derived from false information release.
Benabou and Laroque [4] consider the manipulator as someone who has privileged
information about the future return of the stock. If his statements are credible
for the investors, he can bene t from manipulation by misleading announcements
and tradings.

The second model, analyzed in this chapter, uses the dealership model devel-
oped by Easley and O'Hara [8] as a basis. We, now, describe and comment in
some details this model. Easley and O'Hara [8] do not assume the existence of
new information. In other words, there exists uncertainty as to the presence of
new information in the market. They model that in the following way. With some
probability a subset of traders receives a signal concerning the future value of a
risky asset, while with the converse probability nobody receives a signal. They
assume, given a market side (ask side or bid side), that the liquidity traders can
be one of two types: large trader or small trader. The informed traders, if there
are any, trade any quantity they want. In addition, they behave myopically. All
traders trade with a risk neutral dealer who, competitively, sets ask and bid prices
before knowing the size and the side of the incoming individual order. As usual,
the dealer does not observe the trader's identity he is facing.

The st feature of the equilibria is that the informed traders choose to trade the
guantities exchanged by liquidity traders only, i.e., the informed either submit
the small or the large quantities. By doing so, they bene t from the \camou©age"
provided by liquidity trading. Indeed, if they were trading a di®erent quantity,
they would be \recognized™ and as a consequence, would pay a price incorporat-
ing all their private information.

We now look at the second feature of the equilibria. The equilibria can either have
a semi-separating form or a pooling form. The form of the equilibria depends
upon both the width of the market de ned as the relative largeness of the large
quantity with respect to the small quantity and the level of information-based
trading. When the market is wide (the large quantity is large enough) or there
is a little level of information-based trading (the probability to trade with an in-
formed is small and/or the probability of new information is small) the informed
trade, in equilibrium, the large quantity only. The advantage of trading large
quantities compensates the better price available for small quantities. As a con-
sequence, the equilibrium is a semi-separating equilibrium. The informed traders
are separated from small liquidity traders but not from large liquidity traders.
For small orders, the bid-ask spread is equal to zero (no information-based trad-
ing), i.e., the ask price is equal to the bid price which are in turn equal to the
unconditional expected stock value. For large orders, as there is some possibility
of information-based trading, a bid-ask spread emerges. When the market is not
wide enough or there is a high level of information-based trading, the equilibrium
has a pooling form. In that case, the advantage of trading large quantities does
not compensate the better price available for small quantities. The informed



traders mix between trading large and trading small and they are pooled with
the liquidity traders for the two quantities. A bid-ask spread emerges for both
the large and the small quantities.

In our model, we assume that there is no uncertainty as to the existence of new
information. The probability that a subset of traders receives private information
is one. We also assume that the informed trader has the choice among the large
and the small quantity, traded by the liquidity traders, only. As a consequence
of our framework, we also get equilibria with a semi-separating form and pooling
form. They refer to the informed trader's behavior when following his private
information.

An outline of the paper is as follows. The benchmark and its notation are
presented in Section 2 as well as its resolution giving the impossibility to blu®
in equilibrium in this framework. Section 3 is divided in two subsections. The
“rst subsection gives the notation of the two-quantity model considered now.
The second subsection provides the results of this model with among them the
su=cient conditions for a particular equilibrium with blu%ng. A conclusion ends
the analysis. Finally, unless provided in the text proofs are gathered in the
Appendix.

2 One-quantity model

This section is used as a benchmark for the analysis of dynamic trading. In
particular we assume that traders can trade orders of a unit size of the stock in
each period. This framework enables us to pin down some of the basic elements
for the use, by the informed, of the blu%xng strategy in equilibrium.

We show in this section that bluxng is a strictly dominated strategy as it
leads to negative expected payo®.

2.1 The model

Consider a two-period model for a nancial market. Each period of this model is
based on Glosten and Milgrom [11].

The participants of this market are divided in two groups: the traders and
the market maker (or dealer). The market maker is a risk neutral agent and faces
perfect competition. Let him be, without any loss of generality, a representative
market maker (or dealer). Two types of traders are present: A single risk neutral
non-myopic trader and myopic liquidity traders.

In each period, equivalent to a trading round, the traders exchange a single
risky asset with the market maker. A trader is assumed to submit a discrete
order normalized to a unit of the asset. The non-myopic trader is the only trader
able to choose the side of his orders (i.e. whether to purchase or sell). The



liquidity traders trade for some exogenous liquidity reasons. Let Xs > 0 and
Xg = (1 j Xs) >0, be the proportion of liquidity traders who want to sell and
purchase one unit of the asset respectively. The market maker sets a price at
which he takes the opposite side of the order. He expects to trade with the non-
myopic trader with probability * and with the myopic liquidity traders with the
converse probability.

The information structure is as follows. When submitting an order all traders
know the execution price. In addition to that, the single non-myopic trader
receives some private information concerning the future value of the risky asset.
Henceforth this trader will be called informed trader.> The future value of the
asset is represented by a random variable ¥. The private information takes the
form of a signal. This signal can takesone of two values, highsor-low. It is low

with probability +. Wede neV. =E € s=L andV =E € s=H , with

V >V and V® =V + (1 j +)V the unconditional expected stock value. The
informed receives his private information at the beginning of the rst period. As
the value of the asset is realized at the end of the second period, the informed's
private information lasts for the two periods. Finally, both the market maker and
the informed observe some public information incorporating past price quotes and
past trades. The dealer does not know the trader’s identity when facing one, i.e.,
he does not know whether a trade is information based.

The informed trader, due to the risk neutrality assumption, is an expected
wealth maximizer. He maximizes the sum of his rst and second period expected
wealth conditional on his information.

The trading game unfolds as follows. First, the market maker determines his
price quotes. He uses the probabilistic arrival process of the traders to compute
them. Second, a trader arrives at the dealer and asks for the competing bid
and ask quotes. Considering them, he either does not trade, or takes the best
quote if he is uninformed, or takes the pro t-maximizing quote if he is informed.
Once the st period trade is executed, the market maker revises his beliefs and
proposes new price quotes incorporating this new information. A new trader
arrives according to the stochastic arrival process that is independent of the
period. This trader asks for the market maker's price quotes and then decides
whether to trade. Once this trade has taken place, the true value of the stock is
realized.

Before going to the characterization of the equilibrium, let us make some
general comments on the model. First, the market maker sets his prices on each
trade such that the losses made on the informed trader are exactly balanced by
the gains made on the liquidity traders. This is obviously due to the competitive
assumption. Second, it is assumed that liquidity traders have inelastic demand

SSeveral papers assume a monopolistic informed trader as well, among them, Kyle [14] and
Bhattacharya and Spiegel [5].



or supply. This ensures that, even if the asymmetry of information between the
market maker and the informed is very high or if the probability to trade with
the informed is very high, the market always remains open. No price precludes
liquidity trades so that the market maker can always expect to break even on a
given trade. This is made by setting worse prices at the expense of the liquidity
traders. Hence, the case of the no trade theorem of Milgrom and Stokey [17]
never occurs here.®

2.2 Characterization of the equilibrium

In this part we prove that blu£ng is a strictly dominated strategy.

In order to solve this model, we use the concept of Perfect Bayesian Nash
Equilibrium. An equilibrium is a situation where the market maker correctly
anticipates the informed's behavior. He correctly incorporates into his beliefs
and therefore into his prices the information received by the informed. Moreover
given these prices, the informed trader behaves as the market maker thinks he
does.

The following proposition states the impossibility for the informed to blu® in
equilibrium.

Proposition 1 Blu=%xng is a strictly dominated strategy.
Proof. See Appendix.

The aim of a bluzng strategy is to establish a trend and then to trade against
it. If the informed received a low (high) signal, he attempts to increase (decrease)
the second period bid (ask) price. This can be realized by deviating from his
private information in the ~rst period.” Consider the case where the informed
receives a low signal. When this trader blu®s, he rst purchases the asset and
then sells it back in the second period. In the rst period, this strategy is costly
since he purchases the asset at a price higher than its expected value. However a
- rst period buy order pushes down the rst period updated beliefs of + conditional
on the buy order. This leads to a higher second period bid price. Even though
the informed bene ts from better second period prices when blu£ng he will never
do it. The rst period per unit cost of inducing the trend overcomes the second
period per unit bene t. Indeed, as the informed follows his information in the
second period, the market maker re nes his beliefs toward the \correct" private
information. Thus the second period execution price is always lower than the rst
period one. If the market maker anticipates this blu%ng behavior, the payo® from

6See for instance Madhavan [16] and Glosten [12] for the analysis of market breakdown in
“nancial markets with strategic traders.

“In the Industrial Organization literature this strategy is referred to as \signal jamming "
strategy. See Riordan [18] and Fudenberg and Tirole [9] for models developing this idea.
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bluxng decreases even more. In that case two e®ects are at work. The ~rst e®ect
increases the expected payo® from bluzng and the second one tends to decrease it.
On one hand as the rst period prices react less to a speci ¢ order the rst period
cost is reduced. On the other hand, the informed also bene ts from \less" better
second period prices. Indeed the market maker puts more weight on the fact that
there is a tentative of bluzng for a sequence of two orders with opposite side. The
second e®ect always dominates the rst one. Because he is informed and has the
possibility to hide behind the liquidity traders, the informed pro tably exploits
his information by following it. He then derives a positive expected pro t by
achieving a position on the asset in accordance with his private information since
the prices never completely reveal his private information. At the light of this
discussion, larger second period quantities may make possible for the informed
to recover his rst period losses. Blu£ng could then be pro table and appear in
equilibrium. This is considered in the next section.

This proposition may seem to contradict Allen and Gale [1]. However it does
not. In their paper, because the manipulator is uninformed, he does not want
to achieve a particular position on the risky asset. He wants to sell at t = 2 the
quantity purchased at t =1 (B > 0) with positive pro t. This is only possible if
he is able to sell it at a price higher than the one he paid. Due to their information
structure, an order to sell coupled with no information announcement at t = 2
increase the price. When no announcement is made at t = 2, there is a nonzero
probability to have good information at t = 3. Thus the price is increased.

3 Two-quantity model

The informed has now the choice between di®erent quantities in the rst period.
We analyze whether this leads him to use the bluzng strategies in equilibrium. In
the rst subsection, we describe the modi ed model and in the second subsection
we solve this model.

3.1 The model

The modi cations made to the benchmark concern the orders submitted by the
traders only. All the rest of the framework remains identical to the benchmark
(information structure, timing of the game,...).

In the rst period, the informed has the choice between two discrete orders
on each side of the market (ask and bid sides).® He can sell or purchase either a
small quantity (S* > 0 and B! > 0 for a small sell or buy order respectively) or
a large quantity (S2 > 0 and B? > 0 for a large sell or buy order respectively)

8This framework is related to the one used by Easley and O'Hara [8]. Réell [19] provides
the continuous quantity case of this model.
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with 0 < S! < S? and 0 < B! < B2. For convenience, we set jS'j = jBYj =1
and jS?j = jB?j. The structure of the ~rst period noise is modi ed as follows.
Let X& > 0and X5 >0, i = 1;2 be the proportion of liquidity traders who want
to trade S' and B', i = 1;2. The liquidity traders do not have the choice of their
order.

We now de ne the second period. In order to simplify the analysis, we assume
that the informed trader can trade one quantity only. This assumption reduces
the number of potential equilibria to investigate as all strategic considerations of
the second period are removed. This assumption is made for tractability only.
It does not a®ect how the informed blu®s nor does it a®ect its intuition. We
strongly believe that an equilibrium with blu£ng should occur in a two-period
game where the informed is allowed to choose among two discrete quantities in
each period. The model we are dealing with could be understood as a situation
where the original model (two discrete quantities in each period) admits a semi-
separating equilibrium in the second period. Therefore, the informed either sells
S? or purchases B2. Due to that, we assume that, in the second period, the
liquidity traders are also trading large quantities. As in the benchmark Xs (Xg)
refers to the proportion of liquidity sellers (buyers), with Xg + Xg = 1.

In this framework the informed chooses both the size and the side of his
order. This order maximizes the sum of his rst and second period expected
pro t conditional on his private information.

Table (1) gives a summary of the results obtained in this chapter.

3.2 Characterization of the equilibria

In this subsection we characterize part of the di®erent equilibria occurring in the
two-quantity model.

As in Easley and O'Hara [8], di®erent forms of equilibrium arise in our frame-
work. In their analysis, the informed traders have no monopoly power in in-
formation and as a consequence they never blu® in equilibrium. They always
follow their private information in equilibrium. Given a market side two types
of equilibrium can arise: a semi-separating or a pooling equilibrium. In a semi-
separating equilibrium, the informed traders trade one quantity with probability
1. This quantity is the large one. As a result they are separated from the small
liquidity traders only. In a pooling equilibrium, the informed traders trade the
two quantities with positive probability and are not separated from the small
liquidity traders.

In our case, an equilibrium can be a more complex situation. It is worth point-
ing out that the informed never blu®s with probability one in equilibrium. As a
consequence he always follows his signal with a positive probability (- 1).° An

91f the market maker anticipated that the trader blu®s with probability 1, when blu%ng the
informed would have some of his private information incorporated into the prices and would
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equilibrium must de ne the informed's behavior when following his signal (semi-
separating or pooling equilibrium as in Easley and O'Hara [8]) and whether he is
bluxng. As we show next, if he is blu£ng he must do it trading a small quantity.

We showed in proposition 1 that the informed does not blu® when he is
restricted to the same quantities in both the rst and the second periods. A
similar result holds in the two-quantity framework. This result does not depend
on the informed's behavior when following his signal. This is stated in the next
proposition.

Proposition 2 Blu#%ng with a large quantity in the rst period is a strictly dom-
inated strategy.

Proof. Updated beliefs are computed in the same way as in proposition 1,
using now the proportion of large liquidity traders. Then using the same argu-
ment as in the proof of proposition 1, we get that I (S?;S?js = L) > 0 whereas
1 (B?;S?%js = L) < 0. The same thing can be done for a high signal.¥

The intuition is similar to proposition 1. As a consequence of this proposition,
blu£ng with a large quantity will never form part of an equilibrium. Hence-
forth, when we speak about bluxng we always refer to the situation in which
the informed blu®s with a small quantity. Moreover, unless confusing, when the
informed follows his signal we do not specify it. In other words we say that the
informed trades the quantity g implicitly meaning that he trades the quantity q
when following his signal.

In the remaining of this chapter, we characterize some of the equilibria arising
in this model. We do a case by case analysis, starting with the situation where the
informed trades the large quantity on the two sides of the market when following
his private information. In the following analysis, S stands for semi-separating
and P for pooling. They refer to the informed's behavior when following his
private information.

3.2.1 The S-S case

In this part we analyze the case where the informed trades the large quantity
only, when following his private information, on both the ask and the bid sides
(S-S case). We derive the necessary and suzcient conditions for the existence

have to incur the " rst period costs. By following his information, none of his private information
would be incorporated into the prices and the trader would not have to incur the ~rst period
costs. In summary, second period prices when blu%ng would be worse than the ones when not
bluxng and the informed incurs some cost in the ~rst period when bluxng. Clearly, following
the private information leads to higher conditional expected payo®. As a consequence bluxng
with probability 1 cannot be an equilibrium. The informed follows his information with a
probability less or equal than one. When bluxng does not take place in equilibrium , the
informed follows his information with probability one (proposition 3 shows such a situation).
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of a semi-separating equilibrium without bluzxng on both the ask and bid sides.
We then show that bluzng cannot occur whenever there exists a semi-separating
equilibrium, when following the private information, on the two sides of the mar-
ket.

Let £; (; X) and t, (£; X;y) be de ned as in the proof of proposition 1. De ne
As1.52 and 1.2 as follows

Agg = 4 4.5t 82¢ i+, 42 82¢; )
a __+_i+. 1. 2¢- I2 2¢.
BL:p2 — I +:B":B it BB : (2)
The di®erence between the second period prices when trading small and large is
given by #g1.52 and Ss1.52. Hence, @g1.52 and Ss1.52 give the relative advantage
on the second period prices of trading small in the st period.
In the following proposition, we give the necessary and suzcient conditions
for the existence of a semi-separating equilibrium without blu£ng.

Proposition 3 There exists a unique equilibrium (where the informed takes into
account the e®ect his current trade has on current prices and on future trading
opportunities) which is a S-S equilibrium without blu=ng if and only if
2£ i 2¢ .
ST 1lj# £S° +3qugs _1lij4 3)
2£ i 2¢ .
B+, ;B j Fprp2 _ * 4)

Proof. See Appendix.

By de nition of a semi-separating equilibrium, small quantities are traded by
the liquidity traders only. As aconsequence, rst period prices for small quantities
do not incorporate any information about the future value of the asset. Both the
~rst period ask and bid prices are equal to the unconditional expected value of
the asset V. The informed when trading a small quantity delays the release of
part of his private information to the second period. Whereas when he trades a
large quantity, he discloses part of it which is incorporated by the market maker
in both the st and the second period prices. Thus the rst and the second
period quotes for large quantities are worse than the quotes for and after a small
quantity. For a wide enough market (B2 and S? su=ciently large) the advantage
of the large quantities outweighs the better prices (for both the rst and the
second periods) available with a ~rst period small trade. This intuition is similar
to Easley-O'Hara [8] for their semi-separating equilibrium. In their model, the
informed behave competitively (i.e. myopically) and do not take into account
the in®uence of today's trades on tomorrow's trading opportunities. Given a
trading round, informed traders trade large quantities only when the size of the
large quantity compensates the better prices when trading small. In our model,
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the informed takes into account the e®ect of current trades on future trading
opportunities and therefore behaves strategically.

In the above proposition, the necessary and su=cient conditions (3) and (4)
do not incorporate conditions concerning the bluxng strategies. This can be
explained as follows. By de nition of the semi-separating equilibrium, small
traded quantities do not lead the market maker to revise his beliefs. This implies
that the second period prices are independent of the rst period small trade side.
If the informed deviates and trades a small quantity bluxng or not, he obtains
the same second period price. However when he blu®s, he must bear a nonzero
cost due to his rst period price destabilizing trade. This cost is not present when
he trades small.

Then a natural question arises. Can we have an equilibrium with bluxng
when there exists a semi-separating equilibrium for the two sides of the market?
We answer this question in the following proposition.

Proposition 4 There cannot exist a S-S equilibrium with blu%xng at least on
one side of the market.

Proof. See Appendix.

It has been seen that when the dealer does anticipate bluxng and when there
exists a S-S equilibrium the cost of delaying the information disclosure with a
small quantity is higher when blu£ng than when following the private informa-
tion. Then the informed gets higher payo® when trading a small quantity than
when bluxng. When the market maker anticipates bluxng this di®erence is
larger. The anticipation by the dealer of bluxng has two implications. First, it
decreases the payo® from blu%ng. Some of the private information is incorpo-
rated into the prices. Second, it increases the payo® of following the signal with
the small quantity on the side used to blu®. The market maker takes into ac-
count informed trading but with the converse information. This shows that when
the market maker anticipates blu£ng and when there exists a semi-separating
equilibrium on both sides of the market, the informed gets a higher payo® when
following his signal with a small quantity than when bluxng. This contradicts
the existence of blu£ng in equilibrium. In a market where both the ask and bid
sides are wide enough, bluxng will never occur. In that case, large quantities
are su=ciently high to compensate any better rst and second period prices as a
result of the informed strategic behavior.

From the previous proposition, a direct result can be stressed. This is done
in the next corollary.

Corollary 1 A necessary condition for blu%ng in equilibrium is that the in-
formed must trade, in equilibrium, small quantities with positive probability when
following his signal. This has to be true for one side of the market at least.
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This corollary de nes the situations in which bluxng may occur in equilib-
rium. They are situations where there exists a pooling equilibrium on one side
of the market at least. We then check whether in that case blu£ng is consistent
with an equilibrium behavior.

3.2.2 The P-S or S-P case

We now concentrate our attention on cases where the informed trades the two
quantities with positive probability on one side of the market whereas he only
trades the large on the other side. Such cases are referred to as S-P or P-S case.

Whenever (3) or (4) is violated, a pooling equilibrium exists on the side of the
market for which the condition is violated. This can arise for two reasons. The
~rst reason deals with the fact that if one side of the market is not wide enough,
the better prices when trading a small quantity in the rst period outweigh the
advantage of large quantity. The second reason is as follows. As the informed is
strategic he takes into account the e®ect of his current trade on the second period
prices (Ps1.s2 and Sg1.52). It can be the case that ®s1.52 and j#g1.g2 are so
negative that a pooling equilibrium always exists. This occurs when the second
period price after a small trade is very low (ask price) or very high (bid price).

In this subsection, we look at the S-P case only: The informed when following
his signal sells large and purchases both the large and the small quantity with
positive probability. The P-S case is symmetric to the previous case so that we
do not develop it.

The previous corollary provides a necessary condition to have bluxng in equi-
librium. However this condition is not su=cient. Even though the small quantity
is traded by the informed it can be the case that bluxng does not arise in equi-
librium. As we concentrate our attention on the S-P case, a S-P equilibrium
without bluxng may exist. The suzcient conditions for the existence of a S-P
equilibrium without bluxng are given in the Appendix.

Let us de ne the following incentive constraints:

(e}

=

82£1 it '1;82¢+i§ IJ_r;Bl;S2¢ i, +8%8?2 i1 IJ_r;Blm; (5)
BZEii 't 52" +13 '+ B2, 52" i £ &Sk 52" £ (6)
When those incentives constraints are satis ed, the informed does not blu® on
any side of the market. Moreover the star stands for the fact that the informed
mixes between the small and the large quantity on the ask side. On the bid side
he is trading the large quantity with probability one. We are in the S-P case.
Until now we know that the informed never blu®s if he is constrained to
trade discrete orders of the same size in both periods. This has been proved in
proposition 1 of the benchmark. We then concluded that the informed should
be able to trade a larger quantity when following his signal in the second period.
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Allowing that in the second model, we demonstrated that the informed does not
blu® if the large quantity is \too large" (proposition 4 and corollary 1).

The next proposition provides su=zcient conditions to get a S-P equilibrium
with blu£ng when s = L.

Proposition 5 If conditions (3) and (6) are satis ed whereas conditions (5) and
(4) are violated then a S-P equilibrium with blung when the signal is low exists.
Moreover under those conditions there does not exist any equilibrium where the
informed does not blu®.

Proof. See Appendix.

Although we have more equilibria where blu%ng occurs, we focus on the one
depicted in proposition 5 as it has a simpler form and a similar intuition. The
other equilibria are relegated to the Appendix.

Under the su=zcient conditions described in this proposition the informed is
indi®erent, in equilibrium, between following his signal with a large quantity (S?)
and bluxng with a small quantity (B') when the signal is low. He then mixes
between trading S? and bluxng when his signal is low while he mixes between
trading B2 and B! when his signal is high.

Two points are important for the pro tability of the bluxng strategy. First,

the price movement induced and second the quantity traded by the informed
when bluxng. Let us have a closer look at the price movements. We already
know that the blu£ng strategy takes the following form. The informed induces
a trend in the rst period against which he trades in the second period. In the
second period, he follows his private information. A crucial point is how much of
this private information is incorporated into the second period price. Indeed if
a substantial amount is revealed the second period prices when blux=ng and not
bluxng tend to be close. Because of the rst period cost borne by the informed,
bluxng is not as pro table as following his signal. This is the case when the
L.H.S. term in bracket in (5) is positive. However if prices exhibit a \price mo-
mentum™, i.e. they do not react \a lot" to the second period trade when blu=%ng
it may be pro table to blu®. In that case £} (t; BY;S?) is small implying that
the L.H.S. term in bracket in (5) is negative. Obviously this price reaction de-
pends upon the scope for the informed to hide from the market maker. In turn,
the extent of this scope depends upon the proportion of liquidity traders trading
the same quantity as the informed in the second period. Moreover it is related,
through the dealer’s updated beliefs to the form of the equilibrium that exists on
the side used to blu®.
We now look at the second point that concerns the quantity traded. From con-
dition (5), it can be seen that even if few information is revealed in the second
period bluxng may not take place in equilibrium. Indeed, if the large quantity
is not suzciently large the informed cannot overcome the " rst period cost.

16



We provide an example where the suzcient conditions of proposition 5 are
satis ed.

Example 1 Let us consider the following example: Xi = X2 = 0:43, X} = 0:12,
X3 = 0:02, + = 0:5, * = 0:33 and S? = B2 = 6. For this parameter con-
~guration, we are in the situation described in the preceding proposition. The
informed mixes between following his information with S? and bluz=ng with B!
when his private information is low. In that case, he follows his private informa-
tion with probability :99 and therefore blu®s with the converse probability. When
mixing between those two strategies he obtains a conditional expected payo® of
329V iV Whereas |$ he sells the small quantity when he has low informa-
tion he gets 2:83 'V i V. On the other side of the market, the informed mixes
between purchasing Iarge and small. When he has high information, he trades the
large quantity with probability :411 and the small one W|th¢the converse probabil-
ity. He obtains conditional expected payo®¢0f 612"V i V . If he blu®s when he
has good information, he gets :587 'V i iVv.

In that case, the fact that when the informed has good information he pur-
chases both the large and the small quantity with positive probability leads him
to blu® with a small quantity when he has low information.

The blu®er’s behavior deserves one more comment. It is possible from the
previous proposition to have more insights concerning his behavior when bluxng.
This is done in the following corollary.

Corollary 2 Comparative Statics
In equilibrium, the probability of blu®ng when s = L is increasing with respect to
the probability of trading B! when s = H, everything else being equal.

The intuition of this corollary is straightforward. In a pooling equilibrium,
the informed with a high signal mixes between B! and B2. A small purchase can
possibly comes from the informed and this is re®ected in the ask price. The higher
the intensity (probability) by which the informed trades the small quantity (B?Y),
the more \high" information is conveyed by a small purchase. Hence the higher is
the corresponding ask price. Then if we focus on the informed's incentive to blu®
when S = L, the higher is the rst period cost of bluxng. However the higher is
the second period bid price. The second e®ect (increase of the bid price) is higher
than the st one (increase of the cost). Thus the payo® from bluzng increases.
The probability by which the informed with a high signal purchases B?, provides
to the informed with the converse signal a scope to hide behind it. Then, the
higher, ceteris paribus, the probability by which the informed with s = H trades
B! in equilibrium, the higher is the scope for the informed with s = L to hide,
when blu#xng, behind this increased probability. Hence he increases the intensity
by which he blu®s i.e. by which he trades B*.
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We now look at the P-P case.

3.2.3 The P-P case:

In that case when the informed follows his signal and for the two values of the
signal he trades the large or the small quantity with positive probability. For this
situation we provide two examples only. They show the occurrence in equilibrium
of this manipulative behavior.

Example 2 The “rst example is given by: X! = X% = 0:4, X2 = X3 = 0:1,
+ =051 =031and S2 = B2 = 12. The other example is given by Xi =
X& =0:35 X3 = X3 =0:15, £+ =05, + = 0:31 and S? = B2 = 20. In these
two examples the informed blu®s whatever the value of his signal. As the two
sides of the market are symmetric, for each side of the market, he blu®s and
trades the small or large quantity with the same intensity (i.e. probability). In
the rst example, he blu®s with probability :1 and trades the large quantity when
following his signal with probability :58. He then trades, when following his signal,
the small ggantity with probability :32. He obtains conditional expected payo® of
4:1 V i V. . For the second example, the informed blu®s with probability :02
and when following his information, he trades the large (srrIJaII) qugntity with
probability :88 (:1). He gets conditional expected payo® of 6:8 V j V .

In both examples the informed blu®s whatever is the value of his signal. The
intuition follows the same line as for proposition 5.

4 Conclusion

In this paper, we focused on dynamic strategic trading by a monopolistic informed
trader in a two-period dealer market. Traders trade discrete orders. Ina rst part
traders can trade a unit of the stock only. This is considered as our benchmark.
In this framework, the informed never fools the market maker. He always follows
his private information and does not attempt to manipulate the market makers’
beliefs through blu#£ng strategies. This is due to the fact that the rst period per
unit cost is always higher than the second period per unit bene ts. Indeed as the
informed always follows his signal in the second period, this enables the market
maker to re ne his beliefs towards the \correct" information. This e®ect is present
even if the market maker anticipates blux=ng. The only way for the informed to
recoup the rst period losses would be to allow him to trade larger quantities in
the second period. This would allow him to get a better position on the share
when bluxng. This position would be according to his private information. The
bene t derived from this position when the asset value is realized may compensate
the loss borne from the st period in such a way that he blu®s in equilibrium.
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In order to verify this intuition, the informed trader is allowed to choose between
two di®erent quantities in the rst period. For tractability, all traders trade the
large quantity only in the second period. In this model, it is shown that an
equilibrium where the informed when following his signal and for its two values
trades large and blu®s with small quantity at least on one side cannot exist.
Large quantities compensate any better rst and second period prices. Then
they compensate the e®ect the informed has on the second period prices when
blu£ng. As a consequence a pooling equilibrium is necessary at least on one side
of the market. We give suzcient conditions for the existence of an equilibrium
with bluxng. This is done for the situation where the informed, when following
his signal, sells large and purchases the two quantities with positive probability
and moreover the informed with a low signal blu®s with a small quantity. We
provide an example for the occurrence of this equilibrium. In order to show that
bluxng can also arise when there exists a pooling equilibrium on both sides of
the market, we give two di®erent examples. These results are proved in a very
restricted setting as we use a discrete orders model and as the trader is not allowed
to choose the quantity he wants to trade in the second period. However, as said
in the introduction, we do believe that the results carry over to a situation where
the informed can choose the quantity he wants to trade in the second period.
The discrete order property of the model is obviously an important aspect of the
model as bluxng does not lead to in nite pro t as it is the case in Kyle [14].
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Appendix

Proof of proposition 1

In a rst step, we compute the dealer's bid and ask quotes for both periods.
In a second step, we calculate the informed trader's conditional expected payo®
when blu£ng and not blu%xng (following the signal). We show that bluxng leads
to negative conditional expected payo®, whereas not bluxng implies a positive
conditional expected payo®.

Step 1: Dealer's quotes.

First period: As the dealer is competitive he realizes zero conditional expected
pro t on each trade. This leads to a ask price, a;, and a bid price, by, such that
h - i h - i h - i
aa = E V “buy order =V Pr ¢ = 'buy order +V Pr ¢ =V'buy order ;
h [ h [ h [
b, = E @ sell order =V Pr © =V sell order +V Pr ¥ =V sell order :

All condjtional prgpabilities are determined using Bayes rule. Let us point out
that Pr ¥ =V x = Pr[s = Ljx] with x béeing the incoming order. Denote
+; (£;X) = Pr[s = Ljx]. Let us de ne 2! '2}- , the probability that the market
maker uses to updated his beliefs. He anticipates that the informed with a high

(low) signal purchases whgni =B (j = B) orsellswhen i =S (j = S) such that
2H 428 = 2'— +2L =1 . The dealer's updated beliefs are given by

L+ (L D) X
ET L DTE LD

+ (3;X) =+ for x =S; B:
Second period: In the second period, the dealer uses the information arising
from the rst period trade side. The dealer still behaves competitively. Given a
trade x (x = S; B) in the rst period, the second period ask, a, (x), and the bid
price, b, (X), are given by
h - N o

a,(x) = E ¥ x;buy order =V Pr V x;buy order +V Pr[Vjx;buy order];
h - R o

bo(X) = E ¥ x;sell order =V Pr V x;sell order +V Pr[VjXx;sell order]:

Again we use Bayes rule to determine the conditional probabilities. Let us denote

t, (1;x;y) = Pr[V]jXx;y] where y stands for the incoming order. It is worth
pointing out that

B (EXY) = (F (X)) y): (7
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Using (7) and the fact that the informed is always better o® following his signal
in the second period, we have

12 (5X%S) = #(¥X) I (;>:)-3(-1+i(:)ixf)xs;
H(EXB) = #1(:X) di%)Xe

Tian@E))r+0i1)Xe
Step 2: Informed trader’s payo®

Let § (X;yjs = 1) be the informed's conditional expected payo® with signal |
(I = H; L) for the sequence of trade (X;y).As the cases for whichs=H ors=1L
are symmetric, we only prove the proposition for s = L. The expected payo®
from following the signal and bluxng are given respectively by

;1 (X;Sjs=1L) = E&:

V)+ () iV) ifx=S§;
a;) +(h2(B) i V) if x=B:

Using the bid and ask quotes, it is straightforward to get that § (S;Sjs=1L) >0
80<"5 <1, whereas § (B;Sjs=L)<080<"5 <1. This proves the claim
of proposition 1.3

Proof of proposition 3

In the rst step of the proof, we compute the market maker's rst period updated
beliefs in the most general case. In the second step we compute the bid and ask
quotes in the particular case considered in proposition 3 (S-S equilibrium without
blu£ng). The necessary part of the proof is shown in step 3. The suzcient part is
provided in step 4. Finally, in step 5 we show the uniqueness of this equilibrium.
In order to simplify the analysis we use the result of proposition 2. Hence in the
following equilibrium analysis we do not consider the possibility of bluxng with
large quantities as it gives negative payo®.

Step 1: Updated beliefs.

As far as the updated beliefs are concerned, we keep the same @tation as in
the benchmark. Let 2 with x =S1;S%;B!;B2ands=L;H and 2 =18s,

be the probability used by the market maker to update his beIiefs.XThe market
maker anticipates that the informed trades the quantity x when his signal is s
with probability 25. Hence using Bayes' rule, the market maker's updated beliefs
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are given by

12k 4 (1 s 1y X
(S =t —— 5 ( ! ) %s o
2o +Qi)rPa+ i H)Xg

+ 125, + (1§ 1)X§

1 (+;82) = ¢ ’
l( ) i12|s-2 + (1 i 1) Xé (8)
12L i 1) X1
+ (+;BY) =+ g+ (i 1) Xg .
=1 \= _ilzlél + (1 i i) 1251 =+ (1 i 1) Xé!
- 1 2
£ (5;B2) =+ e

QiDL+ )XE

Then the second period beliefs are computed using the rule given by (7). As
traders can trade one quantity only in the second period, the second period is
identical to the second period of the benchmark. Second period updated beliefs
have the same form as in the benchmark.

Step 2: Updated beliefs and bid and ask quotes for the particular case of
proposition 3.

The equilibrium described in proposition 3 corresponds to the case where
2L, = 1 and 25, = 1. Hence the updated beliefs in that particular case can be
computed replacing 25, = 1 and 25, = 1 in (8) and using (7). The "rst period
bid and ask prices (a; (X) and b; (X)) for large quantity (x = B2 and S?) can be
computed using the same steps as in the proof of proposition 1 of the benchmark.
They are derived using the zero expected pro t condition for those trades.

By de nition of the semi-separating equilibrium, small quantities are uninforma-
tive. The quotes for small quantities are then given by

it ¢ _
a; 'BY =b, 'St =V +(1jHV =V 9)

The second period beliefs and quotes can be computed following the same steps
as before.

Step 3: Necessary part.

The rst and second period prices computed using step 2 determine an equi-
librium such that the informed prefers to trade large and to use non-manipulating
strategies if he is better o® not bluxng and trading large. The conditional ex-
pected pro tis de ned as follows

i - ¢
syl s =5 with s = H; L

X1 X
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The informed's conditional expected pro t depends upon the quantity traded in
period 1 (x) and in period 2 (y). The informed's conditional expected pro ts
also depends upon the probability by which the market maker thinks the trader
with some particular information trades the quantity x. As before "5 denotes the
probability by which the market maker thinks the informed with information s
trades quantity x.

The informed with signal s, trades large and does not blu® if

i - ¢ i - ¢
1 'B2B% 10 s=H _ ! 'x;B%0,0 s=H 8 x =B!; s (10)
i - ¢ i - ¢
rls2.g200s=L _ t'xs200s=L  8x=sLBL: (11
i ¢
Substituting for all bid and ask quotes, using (7) and simplifying by 'V iV,
the above conditions are equivalent to

3 - 3 -
i, 2t (Li")Xe) 2 WivXs g2 .
5B Ity B -t M ameraoet - (12)
. ¢3 - 3 -
i, n2 (L )Xe) 2 i LinX 2 .
5B 1+ mmmeyrdioxe B - f '1+3m8 R
i - i . 2¢¢ (1i1)X 2 - (1i1)X 2
Lit 557 I+ meamamy S - (i i)?, I+ wmmoxes (14
TR I @iHX 2 _ _ ALiYXs o2 .
Lit £5° I+ emsmmmxe S - i) i1+ m5mnies” © (19

First, notice that the L.H.S. expressions are always positive. It can be seen that
the R.H.S. of (13) is strictly lower than the R.H.S. of (12). The same can be seen
for the R.H.S. of (15) with respect to the R.H.S. of (14). Therefore it can be
concluded that when conditions (12) and (14) are satis ed the second conditions
are trivially veri ed. Conditions (12) and (14) can be rewritten as conditions (3)
and (4). This ends the necessary part.

Step 4: Suz==cient part.

In order to prove it, we must show that there does not exist any deviation
for the informed leading to higher payo® than trading large when following the
information when conditions (3) and (4) are satis ed. Moreover in the follow-
ing reasoning the market maker’s beliefs are held constant. The market maker
anticipates that the informed trades the large quantity with probability 1 when
following his signal. Under conditions (3) and (4) we have

1 (S%8%0;1js=1L) . §(84S%0,0js=1L) (16)
> 1(B%S%0;0js=L);

1 (B4 B?%1,0)s=H) _ | (B%B?0;0js=H) an
> 1 (S1;B?,0;0js =H):
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From those conditions, it is clear that trading small, bluxng or not, gives lower
payo®s than trading large. Moreover, any weighted sum (with non-negative
weights whose sum is equal to 1) of ! (S2;S?%;0;1js =L), ¥ (S%;S?,0;0js=1L)
and 1 (B1;S2;0;0js = L) is smaller than 3 (S?;S?;0;1js = L). Those weighted
sums are the payo®s of mixing between S?, S! and B? in the ~rst period when
the market maker believes that the informed trades the large quantities only. As
a consequence all possible deviations lead to lower payo®s. The same reasoning
applies for s = H.

Step 5: Uniqueness.

First, as pointed out in the text the informed always trades, in equilibrium,
the large quantity with a strictly positive probability. Indeed if the market maker
anticipates that the informed does not trade the large quantity, the informed is
better o® trading the large quantity with probability 1. He would trade the large
guantity at a price lower than the price of the small quantity.

We now look at the equilibria that cannot be removed trivially. We prove
that they cannot exist by contradiction.

Case 1: We look at any symmetric equilibria in which the informed trades a
large quantity with probability 25, (25.) when following his information and blu®s
with or trades a small quantity with the converse probability 1 j 25, (1 i 25.).

For those equilibria the informed mixes between trading a large quantity when
following his information and trading small when following or not his information.
Thus the informed must be indi®erent between those strategies. Therefore there
should exist both 0 < 25, < 1 and 0 < 25, < 1 such that the following two
equations are satis ed

. - ¢ _ ¢
1ls28202h, s=L =1 '35 s=L (18)

: Z ¢ i - ¢
11B2B2 2, 0s=H =1 'xB%1j2,1525 s=H (19)
with x = St or BL.
Given the updated beliefs computed using (8) and (7) we can prove that
@1 (5252025, Js=L)

2L
(U

01 (BB, 0js=H) _
@2H
B2

<0and 0: (20)

Moreover it can also be checked that 8 x = S?! or B!

B (xS itsl) _ o

@1 (xB%LizH,ili25, js=H) =0
@2L2 @2H2 ’
S B

S

(21)
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for the informed trading quantity x in equilibrium. We point out that (3) and
(4) are equivalent to

1(S%S%0;1js=L) _ 1(S%S%0;0js=L);
1 (B%B?%1,0js=H) _ 1(B%B%*0;0js =H):

Then applying the previous point and using (20) and (21), the conditions (18)
and (19) cannot be veri ed. The informed is better o® following his private
information with a large quantity.

The same argument can be used to show that any equilibrium of the following
form cannot exist: S-P or P-S without bluxng, S-P or P-S with blu%xng on the
two sides of the market or bluxng on the side of the market where there exists
the semi-separating equilibrium only and S-S or P-P with bluxng on one side
only. We then go to the cases where the analysis is not so direct.

Case 2: We now look at the following cases: P-P equilibrium with bluxng
on the two sides of the market and S-P or P-S equilibrium with bluxng on the
side of the market where there exists a pooling equilibrium only cannot exist.

For those equilibria, it is more complicated to show their non existence. In-

deed, the small quantities are traded by the informed with both high and low
information on one side of the market at least.
Let us consider a situation where there exists a P-P equilibrium with bluxng
on both the sell and buy order sides. In order to have such an equilibrium there
must exist 0 <257 <1,0<25f <1, 0<2E¢ <1, with 257 + 257 + 28" =1 and
0<28<1,0<2f <1 0<25 <1, with 255 + 207 + 255 = 1, such that the
following conditions are simultaneously satis ed

i - ¢ i - ¢
s lgzg2atiegs=H =1 'BLB2 2l  s=H (22)
i - ¢ i - ¢
1 'g2, B%2H5,0 s=H =1 'st. B% 22 s=H ; (23)
i - ¢ i - ¢
11529202k s =L = 1 'stsaln i g = L (24)
i - ¢ i - ¢
11625202 s =L =1 'BL S22 s =L (25)
If 255 - 257, one can show that £ _ +§ (+; BY) where 1] (t; B') is computed using

(8) with 25, and 25, being replaced by 255 and 257 respectively. This in turn
implies that

- : ¢ . - ¢
1'BLB%0,0s=H _ !'BLyB%2NL  s=H ¢ (26)
Applying (3) and (4) we have

' - ¢ i - ¢
1 lp g2t g s=H > 'BLB2 2L  s=H
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We can conclude that condition (22) cannot be satis ed.
Now let us consider the converse case where 257 > 257, In that case, we have
+ < 7 (; BY) implying the following

i S e D¢
1'BLS20,0 s=L >} BLS%2LHT s=L >0

Again applying (3) and (4) we get that

- ISZ;SZ;O;Z'S-S s = L¢> . IBl;SZ;Z',g‘i;ZQf s = L¢:
Condition (25) is then violated.
It has been proved that under conditions (3) and (4) a P-P equilibrium with
blu%xng on both the buy and sell order sides cannot exist.
The same argument can be used to prove that a S-P or P-S equilibrium with
blu£ng on the side where there exists a pooling equilibrium only cannot exist.
This proves the uniqueness of the S-S equilibrium without blu%ng under condi-
tions (3) and (4). This point ends the proof of proposition 3.3

Proof of proposition 4

The proof is similar to case 1 of the uniqueness part of proposition 3. Let us look
at the more complicated case: S-S equilibrium with blu%ng on the two sides of
the market. In that case there must exist 0 < 257 < 1 and 0 < 25} < 1 with
28 +25i =1land 0 <257 <1land 0 <2 <1 with 257 +25° = 1 such that the
following conditions must be simultaneously satis ed

i - ¢ i - ¢
: '82;82;0;2'5-5 s=L =1'B%s%0;1 j27s=L

- ¢
-1 ShSElizg0s=L; @7
|i2. 2.2Hn.:_ ¢_|il. 2. -2Hn.:_ ¢ _
i BEBSAN0s=H =] SUBN1if0s=H - ¢ o9
.1 BL5B%0;1j28 s=H :

Note that 8 25, <land 825, <1

' - ¢ i - ¢
:_181;82;1i2'§2;0_s=L > | '_81;82;0;1i2'3-2-s=L('t
:'Bl;BZ;O;liZ'S-2 s=H >:'Sl;Bz;1iZE'2;O s=H :

Given the two previous conditions the equilibrium conditions (27) and (28) cannot
be satis ed.

The same argument can be used to prove that a S-S equilibrium with bluxng
on one side of the market only cannot exist. This ends the proof of proposition
4
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Su=cient conditions for the existence of a S-P equilibrium
without blu%ng

The su=cient conditions for the existence of a S-P equilibrium without bluxng
are given by:

: U S S
1ls2.52:0s=L _ 1'stszo0s=L ; (29)
1ls2g2 10 s=L _ 1'BLSEL S0 s=L (30)
i B:B%0,0s=H >} B%B%10s=H; (31)
i - ¢ i - ¢
1 'glgz 1 0 s=H _ 1'SLB%00s=H : (32)

It can be checked that from (31), there exists 0 < "H < 1 such that
1 'BLB%1 i 0s=H =1 'B3BL"HS0s=H

That is the informed with high information mixes between purchasing large and

small. The conditions (30) and (32) imply that the informed with a high or a low

signal does not blu®. The market maker anticipates the fact that the informed

with high information mixes between purchasing both large and small. Condition

(29) imply that the informed with low information sells a large quantity.

Proof of proposition 5

In the rst step we show that the conditions are suzcient conditions for the
existence of a S-P equilibrium with bluxng when the signal is low. The non-
existence of equilibrium without bluxng is shown in the second step.

Step 1: Su=cient part.

We must prove that the set of suzcient conditions implies the existence of
0 <&, <1land 0 <&, <1 such that the following set of conditions is satis ed

- : ¢ . B ¢
:ISZ;Sz;O;é'S-2 s=L =] 'BL:s21 e1ie, s=L ;

. 1(8%8%0,0is=1L); (33)
: Z ¢ i - ¢
:'BZ;BZ;éB*Z;O s=H ::lBl;BZ;liéB*z;lié'gzs:H ; (34)
. 1 (8% B%0;0js =H):
- - ¢

We show it by proving that there exist two \reaction function™ B, '2'5-2 B, '232 :
The former gives the probability by which the informed with high information
mixes between B2 and B? as a function of the probability by which the informed
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with low signal mixes between S? and B!. The latter gives the probability by
which the informed with low information mixes between S? and B* as a function
of the probability by which the informed with high signal mixes between B? and
B!. Once the existence of those two reaction functions is established we prove
that there exists a crossing point between them. This crossing point gives the
equilibrium probability such that bluxng appears. We now go to the proof of
the suzcient part.

¢
In the following lemma we establish the existence of a function B, 2'5-2 such
that the equality condition of (34) holds.

Lemma 19 0<B, <1; 825, with 0 <2, <1 such that

i S S
t 'BLB2B.0s=H =1 BYB21iB;1i% s=H ; (35
with B, = 257 when 2%, = 1.

Proof. First, given the form of the updated beliefs § (B?;B?;:;:js = H) and
1 (B%;B?;:;:js = H) are continuous function of their arguments. Second, it is
direct to show that 1 (B';B?;:;:js = H) is decreasing with its ~rst argument
while increasing with its second. Third we have that

i - ¢ ' = ¢
1 'B%B%0;0s=H >} BLYB%L0s=H : (36)

Given the three previous points, the monotonicity of § (B2;B?;:;:js = H) with
respect to its rst argument (see (20)) and the fact that (4) is violated the exis-
tence of B, is guaranteed.¥

i ¢
In the same way the next lemma establishes the existence of B, '25'2 such
that the equality condition of (33) holds.

Lemma 290<B, <1; 80 - 2, <257 such that
1'5%S%0B, s=L =3 BYSA1i251 8 s=L:  (37)

Proof. First, given the form of the updated beliefs ! (B;S?;:;:js=1L) and
1 (S?% 82; ;;:;js = L) are continuous function of their arguments.

Second, § (B*%;S?;:;:js =L) is increasing with its ~“rst argument whereas de-
creasing Wlth its second. Thlrd condition (5) being VIolated is equivalent to

¢ ¢
828201S—L <! 81821-235,05=L: (38)
Fourth, using the updated beliefs, it is direct to prove that

825, with0 <28, <1

i - ¢
1(S?%S2%0;0js=L)> 1! 'B1. S%1j2H,;1s=L : (39)
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Now using the previous four points, the monotonicity of § (S?;S?;:;j:s =L) (see
(20)) and (39), the existence of B, is guaranteed.¥

¢
Lem&na 1 and lemma 2 establish the existence of two functions yg 2L, and
BE, 25, . Those two functions can be understood as reaction functions. The next
Iemma establishes the existence of a crossing point between those two functions.

Lemma 3 There exist 0 <&, < 232’ 0<e&, <1 such that

ng éls_z :Etz égz

Proof. First, apply the implicit function theorem on conditions (35) and (37)
respectively. We get that

0B .

@2L 0 8% 40

@ > 0 8 2H H h 2oH 2Hgo. ( )
B

Second, ng is de ned for all values of 2, (with B, =257 for 25, = 1 and B, >0
for 25, = 0). Third, B, is de ned for all values of 2';2 < 2H§ (W|th B, <1 for
B, = 2“" and B, > 0 for 2, = 0). Using the previous three points the existence
of a crossmg point betvveen those two functions is guaranteed. Figure (1) at the
end of this chapter may help to understand the argument of the proof.

This crossing point is such that the equality in both (33) and (34) holds. This
means that as &, is strictly smaller than 1, the informed with low information
blu®s with probability 1 j &,. However the uniqueness of this crossing point
cannot be established.¥

We still have to show that the informed does not deviate from this equilibrium.
Given (20) we have

82 B2 &5,;0 s—H¢>: B2;B2;257:0 s:H¢ (41)
. 1(8%B?%0;0js =H);
11525208, s = L5 > 1 (s25%.0:1js = L)
. 1(S8%8%0;0js=1L):
The second inequality comes from the fact that conditions (3) and (6) are satis ed.
From those conditions it is clear that all deviations lead to payo®s lower than
doing what the equilibrium speci es.
We showed under the conditions speci ed in the proposition the existence of
0 <e, <1 and 0 <&, < 1 verifying conditions (33) and (34). This implies the
existence of a S-P equilibrium with bluxng when s = L. This ends the proof of
the su=cient part.

(42)
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Step 2: Non-existence of equilibrium without blu=ng.

We have to check that there do not exist S-S, P-S, S-P nor P-P equilibrium
without blu=%ng.

Given that condition (4) is violated, if the market maker anticipates that the
informed with a high signal trades large, the informed is better o® trading small.
Under the above set of suzcient conditions, an equilibrium without blu=ng and
a semi-separating equilibrium on the buy order side cannot exist. This rules out
the following equilibria: S-S and P-S equilibria without bluxng.

Given that condition (5) is violated, a S-P equilibrium without bluxng cannot
exist. Indeed, if the market maker anticipates that the informed does not blu®
the informed always blu®s when he receives a low signal. This destroys the S-P
equilibrium without blu%ng.

The case of the P-P equilibrium without blu£ng is not so direct. Again we
prove it by contradiction. A P-P equilibrium without blu£ng would be such that
there would exist 0 <257 < 1 and 0 <27 < 1 such that the following conditions
should be simultaneously satis ed

i St - e
11525202 s=L =1 'SLsB01 A s=L

2 _ ¢
- :5;51;52;“255;0 s=L; ¥
i - ¢ ' - ¢
1lg2g2eHoggs=H =1'BLB%120s=H ; -
® el R2.0 1 + 2lo o — ¢. (44)
= : S !B lolllzsz S—H .

As we proved that the conditions are suzcient for the existence of a S-P equi-
librium with blu=ng if the signal is low there exist 0 <&, <land 0 <&, <1
such that conditions (33) and (34) are satis ed.

First, let us assume that 257 _ &5,. This leads to the fact
; Z ¢ - - ¢
s 'g2B2e, 0s=H _ ! 'BLB%250s=H :

On one hand, using the equality conditions for mixing ((34) and (44) we get that

¢ ¢

ely:gl’ o 'eBl; (45)

where the tilde and the star represents the equilibrium behavior of the informed.
On the other hand, as ! (S%;S?;:;:js = L) is decreasing with its second argument
we have

1'BLSE L 18, s=L 3 (SLS%0;05s=L) . ¢
>1 S4S%50;1 428 s=L

Moreover, given (43) we have
i - ¢ i - ¢
rlstszor e s=L _ 1'BLSsE1in0s=L

30



This can be summarized in
¢ - ¢
gt 52, Lidhtli egz s=L >1 ‘g1 52, 1j2850s=L:

This is equivalent to €(+; B') < +° (+; B'), contradicting condition (45).

Second, let us assume that 257 < &,. Given that we have
: - ¢ : - ¢
- 'Bl:s%1 idl1je, s=L >1 'Bl:s21 i 285,00 s=L : (46)

Using the monotonicity of the function with respect to its two arguments we have
¢ ¢
81821'2§§,OS—L > 1 81821 ég'z,OS—L ¢
> 1 51821.e'g2,1 é; s=L

This contradicts (46). This ends the proof of step 2 as well as the proof of
proposition 5.

Step 3: Other equilibria.

Let us consider the following parameter con guration: conditions (3) and (5)
are satis ed whereas conditions (4) and (6) are not satis ed. It can be checked
that we either have a S-P equilibrium with blux=ng when s = H or a S-P
equilibrium with bluxng for the two values of the signal.

AS- P equilibrium With blu£ng when s = H is characterized by the existence of
0<2"<1,0<25f <1land0 <2} <1with 2" +252 + 257 =1 such that the
followmg equatlons are satis_ed

¢
1(S%S%0;1js=1L) _ Sl 52,2;“,0 s=L ;

¢
Y Tas Ly a0 s=L"

82 B?; 2“"05— ¢:

¢
1 B2 Bl le'zHuizg];:;OS:H :

BZ

1
1
: Slleizg'lﬂio s: H

A S-P equilibrium with blu#£ng for the two values of the signal is characterized
by the existence of 0 <2/™ < 1, 0 < 2H® <1 and 0 < 2" < 1 with 257" +
2HPe +2H =1 and 0 < 2'—“ <1land 0 <25 <1 with 2'—“” +2EP =1 such that
the foIIowmg equations are satis ed

¢ ¢

's252 02 s =L = 1 'BLS%1 2 R
R CE

¢ i ¢

52822070 s = H =1'BY le-zg;’fiz;"}l-zgs“s:H ;
=1'shB22H=0s=H ¥
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gh(eb),

eh”

v

Figure 1: Reaction functions

This gure gives the probabilities of purchasing (selling) large when the signal
is high @ow) as a function of selling (gurchasing) large with a low (high) signal,
BE, "L, (unbroken line) and B, ", (broken line) respectively.
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Following the signal Blu=xng
S-S No
S-P/P-S Yes (either on one side or on the two sides of the market)
P-P Yes (either on one side or on the two sides of the market)

Table 1: Types of equilibria.

The rst column gives the form of the equilibrium when the informed follows
his private information. On each side of the market, the equilibrium can be one
of two forms: separating or pooling. In a separating equilibrium, the informed,
when following his signal, trades the large quantity only whereas in a polling
equilibrium, he mixes, again when following his signal, between the two quanti-
ties. S stands for separating and P for pooling. The rst letter concerns the bid
side whereas the second one concerns the ask side. The second column describes
whether bluxng can arise in equilibrium.
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